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Spectra of finite symplectic and orthogonal groups 

BUTURLAKIN A. A. 
Introduction 

The spectrum u{G) of a finite group G is tlie set of its element orders. 
In tlie present paper we describe the spectra of groups Sp2n{(l), PSp2n{q), 
fi2n+i(g), P^tniQ)^ and also of groups S02n+i{q) and SOf^{q) for odd 

q. In particular, a description of spectra of all finite simple simplectic and 
orthogonal groups is obtained. 

Let G be a finite group of Lie type over a field of characteristic p. The 
set Co'(G) can be presented as a union of three subsets: the subset Up{G) of 
orders of all unipotent elements, i.e. those whose order is a power of p, the 
subset Up'{G) of orders of all semisimple elements, i.e. those whose order is 
coprime with p, and the subset uJm{G) of the rest "composite" orders. Thus, 
the problem of describing the spectrum of a finite group of Lie type splits into 
three subproblems. 

The maximal order of unipotent elements in every finite group of Lie type 
is found in j2l Proposition 0.5]. It is well known that each semisimple element 
of a group of Lie type is contained in some maximal torus of this group. In [2] a 
description of cyclic structure of maximal tori in all groups under consideration 
was obtained, and thus the semisimple parts of spectra of these groups was 
described. Hence, it remains to describe the composite parts of the spectra. 

The set oj{G) is closed under taking divisors, i.e. if n e uj{G) and d divides 
n then d G uj{G). Therefore, it is uniquely determined by its subset of 
elements that are maximal under the divisibility relation. Define a set fim{G) to 
be the intersection of fi{G) and Um{G). In the present paper for each group G 
under consideration we construct a set i'{G) such that UmiG) C //(G) C uj{G). 

The author would like to thank Vasil'ev A.V., Grechkoseeva M.A. and 
Vdovin E.P. for helpful remarks on the paper. 
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The information on the theory of algebraic groups which we use in the 
following discussion can be found, for example, in [TJ Chapters 1 and 3]. 

Let p be a prime and G be a connected reductive algebraic group over 
algebraic closure Fp of the field GF{p). Surjective endomorphism a of G is 
called a Frobenius map, if the fixed point group = {g & Gig'' = g} is 
finite. In this situation the finite group G„ is called a finite group of Lie type, 
maximal closed connected diagonalizable subgroup of an algebraic group is 
called a maximal torus. A subgroup of an algebraic group is called reductive, 
if its unipotent radical is equal to identity. A reductive subgroup is called a 
reductive subgroup of maximal rank, if it contains some maximal torus. A 
reductive subgroup of maximal rank of G^ is a subgroup of the form (Gi)o-, 
where Gi is a a-stable reductive subgroup of maximal rank of G. 

U g E Ga then g can be uniquely presented as a product gpgp', where gp' is a 
semisimple element and gp is a unipotent element of Cq^ {gp')- Thus to describe 
the composite part of spectrum it is sufficient for each semisimple element of 
Gcr to find the maximal element of u)p{Cq^{s)). In solving this problem, we 
use an approach developed in [5l Ej. Now we will formulate results from these 
works that we will need. 

Let s G Go- be a semisimple element. Denote by Cq{s)^ the connected 
component of centralizer Cq{s) containing identity. Subgroup Cq{s)^ is a 
reductive subgroup of maximal rank of G. Besides, subgroup Cq{s)^ contains s 
and all unipotent elements of Cq{s). Therefore, reductive subgroup {Cq^s)^)^ 
of Gcr contains s and all unipotent elements of Cq^{s). Thus, the problem is 
reduced to the following one: for every reductive subgroup of maximal rank of 
Gcr to find the period of its center and the unipotent part of spectrum. For a 
reductive subgroup Gi, we will denote by ri{Gi) the product of the period of 
its center and the maximal element of ujp{Gi). 

Let T be a maximal torus of G and $ be a root system of G with respect 
to T. Subset $1 of $ is called a subsystem if it is a root system itself. Sub- 
system is called closed if for every ri,r2 G $i inclusion ri + r2 G $ yields 
inclusion ri + r2 G $i. For root r G $, denote by Ur the root subgroup cor- 
responding to r. If G is a classical group distinct from symplectic group over 
a filed of characteristic 2, then reductive subgroups containing T have form 
(T, Ur, r G $1), where $1 is a closed subsystem of $. Root systems of reductive 
subgroups of Sp2n{F2) can be not closed subsystems of its root system. How- 
ever, group Sp2n{F2) is isomorphic to f22n+i(-^2) and these symplectic groups 
can be considered as orthogonal groups. Hence, in all cases witch are consid- 
ered in the paper we can assume that root systems of reductive subgroups are 
closed subsystems of $. Henceforth, when we say "subsystem" we mean closed 
subsystem. 

Let Gi be a cr-stable reductive subgroup of G. Then Gi contains a a- 
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stable maximal torus T. Let G\ be also a-stable. Then G\ contains a cr-stable 
maximal torus. Since any two maximal tori of G\ are conjugate, one can 
assume that torus is cx-stable. Then g"g~^ G Nq{T) fl N-q{Gi). Let W 
be the Weyl group of G and Wi be the Weyl group of Gi. Denote by n the 
canonical homomorphism from Nq{T) to W. Then? as it is shown in the proof 
of Proposition 2 from [5], tt{N^{T) n N^(Gi)) = NwiWi). _ _ 

Since T is stable under the action of cr, map a acts on W = N-q{T)/T. 
Since Wi is also a-stable, a acts on Ny/iWi) /Wi. Two elements WiWi and 
W1W2 of iVvi/(W^i)/Vri are called a -conjugate, if there is w & W such that 
l^iws = {WiwY{WiWi){Wiw)-^. 

Lemma 1.1. [P, Proposition 3] Let G he a connected reductive algebraic group 
and a he a Frobenius map of G. Let Gi be a a-stable reductive subgroup of 
maximal rank of G. Let € be the set of all a-stable subgroups conjugate to Gi 
in G and CC/Go- be the set of G^-orbits in (t. The map tt induces a bijection 
between (C/Go- and classes of a -conjugate elements of N]y(Wi)/Wi by mapping 
Gl toWi7r{g^g~'). 

Lemma 1.2. Let G be a connected reductive algebraic group and a be a Frobe- 
nius map of G. Let Gi be a a-stable reductive subgroup of maximal rank of 
G. Let GI be also a-stable. Denote n = g"g~^. Then {GI)„ = ((Gi)o-on)^. 
Moreover, for arbitrary n G N-q(T) fl N-q(Gi) group (Gi)o-on is conjugate in G 
to some reductive subgroup of G^ ■ 

Proof. Let h G Gi. We have h G (Gi)^on if and only if /i"^"" = h. By 
substituting the expression for n we obtain h"°^''^ = h. The last is equivalent 
to = h3. Whence it follows that {hsy = h^, thus e (GI)^. Therefore, 
h lies in (Gi)<jon if and only if lies in (G^)o-- Hence (Gi)o- = ((G'i)o-on)^- By 
Lang — Steinberg theorem (see e.g. [8l Theorem 10.1]) for every element n of 
N-q[T) n Nq{Gi) there exists an element g of G such that n = g'^g~^. Thus 
the second assertion of the lemma follows from the listed equivalences. 

Lemmas 11.11 and 11.21 implies that a description of structure of reductive sub- 
groups of a finite group G„ can be obtained by using the following scheme. We 
choose some set DJl containing the full system of representatives of conjugacy 
classes of a-stable reductive subgroups of maximal rank of G. For every sub- 
group Gi in 9Jt we describe the structure of group of the form (Gi)o-on, where 
Wi7r{n) runs through the full system of representatives of conjugacy classes 
of Nw{Wi)/Wi. In what follows the set Tl will be always a set of reductive 
subgroups containing fixed a-stable maximal torus of G. 

Lemma 1.3. [9l Proposition 0.5] Let G be a simple algebraic group over an 
algebraically closed field of positive characteristic p and let a be a Frobenius 
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map of G. Then p-period of is equal to the minimal power of p greater then 
the maximal height of a root in root system of G. 

Remind that the maximal height of a root in systems of type is equal 
to — 1, in systems of types i?„ and C„ is equal to 2n — 1, and in system of 
type Dn is equal to 2n — 3. 

For a finite group G denote by exp(G') the period of G. For a partition A = 
(Ai, A2, . . . , Afc) denote by | A| the sum Ai + A2 + ■ • • + A^, the number k is called 
the length of A. For a prime p denote by A;{p} the maximal power of p dividing 
k. For naturals ni, n2, . . . , denote (ni, n2, . . . , n^) their greatest common 
divisor and by [ni,n2, . . . ^ris] their least common multiple. Besides, the least 
common multiple of naturals n,, where i runs through some set of indices, is 
denoted by lcm{?T,j}. Denote by diag(y4i, A2, . . . , ^4^) a block-diagonal matrix 

i 

with blocks Ai, A2, . . . ,Ak and by diag(ai, 02, ... , a^) a diagonal matrix with 
numbers Oi, 02, . . . , on the diagonal. Denote by the identity matrix of 
size k X k. 

We will also need the following lemma about abelian groups. 

Lemma 1.4. Let Gi, 1 ^ i ^ s, be cyclic groups and B = Gi x G2 x ■ ■ ■ x Gg, 
where s > 1. Let A be a subgroup of B of simple order p such that Ar\Gi = 1 
for all 1 ^ i ^ s. Then exp{B) = exp{B/A). 

Proof. To prove the lemma it suffices to show that exp(i?){p} = exp{B/A){pj. 
Let j be such that |Cj|{p} ^ |Ci|{p} for all i. We have GjA/A ~ Gj/{Gjr\A) ~ 
Gj. The lemma is proved. 

The information about linear and unitary groups used in the paper can be 
found in |6] or [1]. 

§ 2. Spectra of symplectic groups 

In this section, G = Sp2n{Fp) is a symplectic group associated with form 
xiy^i — X-iyi + . . . + Xny-n — x^nyn, whcrc n ^ 1. The map a acting on 
G as follows: matrix (ajj) under the action of a transforms into matrix (ajj), 
where g is a power of p, is a Frobenius map of G. Moreover, G^ = Sp2n{<l) and 
Ga/Z{Ga) = PSp2n{<i)- Groups Sp2{q) and PSp2{q) are isomorphic to groups 
SL2{q) and PSL2{q), description of their spectra can be found in [Ij. 

If p = 2 then, as it was mentioned above, PSp2n{q) — ^2n+iiq)- In this 
case it is more convenient for us to consider this groups as orthogonal, and 
a description of their spectra will be given in the following sections. In this 
section we assume that characteristic p is odd. 

Rows and columns of a symplectic 2n-matrix are numerated in the order 
1,2, ... ,n, —1, —2, . . . , —n. Denote by Eij, where i,j G {±1, ±2, . . . , ±n}, a 
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matrix containing identity at its {i,j)th place and containing zeros at other 
places. 

The maximal torus T of G consisting of all matrices of the form 
dia.g{D, D~^), where D is a nondegenerate diagonal matrix of size n x n, is 
cr-stable. Group = Nq{T) is a subgroup of a group of monomial matrices, 
thus, there exists a natural embedding of W into the group of permutation of 
the set {1,2,..., n, —1, —2, . . . , —n}. The image of the Weyl group W ~ N/T 
under this embedding coincides with the group 5*/^ of permutation r such that 
the equality t{—i) = —t{i) holds. The map a act trivially on W , therefore, 
(T-conjugacy classes in W coincide with usual conjugacy classes. 

If we drop signs from elements of the set {1, 2, . . . , n, — 1, —2, . . . , — n} we 
obtain a homomorphism from Sin to Syrrin- Assume r G Sin is mapped into 
a cycle (ziZ2 ■ ■ - ik) then r fixes all elements distinct from ±zi, ±^2, . . . , ±Zfc. If 
T^{ii) = ii then r is called a positive cycle of length k; if r'^(ii) = — zi then r is 
called a negative cycle of length k. The image of an arbitrary element r of Sin 
can be uniquely expressed as a product of disjoint cycles, and in accordance 
with this factorization, r can be uniquely expressed as a product of disjoint 
positive and negative cycles. Lengths of the cycles together with their signs 
give a set of integers, called the cycle-type of r. Two elements of Sin are 
conjugate if they have the same cycle- type. We will denote the positive cycle 
of length k by {iii2 ■ ■ - ik) and negative — by (21^2 • • • ik)- 

The root system $ of G has type C„, and can be represented as follows. 
Let ei, . . . , e„ be a n orthonormal basis of a Euclidean space of dimension n. 
Then $ = {±ej icj, ±2ej, i j,l ^ i, j ^ n}. An element w & W acts on the 
basis vectors in the following way: w{ei) = cj, if w{i) = j, and w{ei) = —cj, if 
w{i) = -j. _ 

Define elements Ur{t), where r G $ and t G Fp, as follows 

Ur{t) = E2n + t{Eij - E_j_i), if r = Ci - Cj, 

Ur{t) = E2n + t{Ei-j - Ej_i), iir = ei + Cj, 

Ur(t) = E2n + t{E_ij - E_j^i), iir = -Ci - Cj, 

Urit) = E2n + tEi_i, if r = 2ei, 

Urit) = E2n + tE_i^i, if r = -2ei. 

Then a root subgroup Ur ( with respect to torus T) consists of elements 
Ur{t), t & Fp { see e.g. the proof of Theorem 11.3.2 from [1]). Remark that 
all root subgroups are cr-stable. Thus all reductive subgroups containing T 
are a-stable. In addition, an arbitrary reductive subgroup of maximal rank is 
conjugate to some reductive subgroup containing T. Therefore to describe the 
structure of reductive subgroups of Go- it suffices for every reductive subgroup 
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Gi containing T, to describe a structure of a group of the form (G'i)o-on, where 
Wiirln) runs trough the full system of representatives of conjugacy classes of 
Nw{Wi)/W,. 

Subsystems $i of $ can be obtained in the following way (see [6l section 
3]). Let A and ^ be partitions with |A| + = n. Let A = (Ai, A2, . . . , A;) 
and /i = (/ii, /i2, • • • , /^m)- Let /i, /2, . . . , Ji, J2, . . . , be pairwise non- 
intersecting subsets of the set {1,2, ... ,n} such that = A^ for all 1 ^ a ^ / 
and \Jb\ = fib for all 1 ^ 6 ^ m. Define a system $1 to be the union 

[j {ci-ej -.ij^ e Ia}l^ [j {±ei±ej,±2ei : i ^ e Jb}- 

Then $1 is a root subsystem of $ of type 

Ax,-i X Ax.,-1 X ■ ■ ■ X Aa,_i X X X ■ ■ ■ X C^^ 

and every subsystem of $ is equivalent to some system of such form under the 
action of W. 

For a subsystem $1 of $, define an index set /^^ using the following rule: 
indices i and —i belong to J^^ if and only if $1 contains a root not orthogonal 
to Cj. We will denote by a subgroup of T consisting of all diagonal matrices 
which have I's at places with numbers not in 7$^ along the diagonal. Denote 
the group (T$^, Ur,r E $1) by G<s,^. 

Let $1 be an indecomposable subsystem and k = |/<i,J/2. If $1 contains 
only short roots, then it has type Ak^i- By the choice of T and the form 
of root elements every matrix in is block- diagonal with blocks A and 
A~~^ along the diagonal, where A is a matrix of size n x n and — T denotes a 
transpose-inverse map. After a suitable renumbering of rows and columns the 
matrix A is also block-diagonal with blocks En-k and B along the diagonal, 
where i? is a matrix from GLk{Fp). If A runs through all root elements of 
then B runs through all root elements of GLk{Fp). In addition, if A runs 
through Tq,^ , then corresponding matrix B runs through the maximal torus of 
GLk{Fp) consisting of all diagonal matrices. Since GLk{Fp) is generated by all 
its root subgroups and an arbitrary maximal torus, group (7$^ is isomorphic 
to GLk{Fp). If $1 contains long roots, then it has type C^- By applying 
arguments similar to those above, one can show that is isomorphic to 
Sp2k{Fp) is this case. 

Let Gi be a cx-stable reductive subgroup of maximal rank with root system 
$1 of the form given above. Denote by rii the number of sets of cardinality i 
among the sets la and by rrij the number of sets of cardinality j among the 
sets Jb. Then Gi is isomorphic to direct product 

nG'L,(F,)"^xn5P2,(F,r, 
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and NwiWi)/Wi is isomorphic to direct product 

i 3 

(see |B1 Section 3]). 

Let us show that for every element w of NwiWi) /Wi there exists a per- 
mutation matrix such that groups, corresponding to the conjugacy class 
of Ny/{Wi) /Wi containing W, are conjugate in G to group (G'i)o-o0{w)- Denote 
by ip the natural homomorphism from NwiWi) to NwiWi) /Wi. 

Let w be a positive cycle of length k from direct factor 81^- Then Gi 
has a direct factor isomorphic to a direct power of GLi{Fp)^ consisting, after 
suitable renumbering of rows and columns, of block- diagonal matrices of the 
form 

Xk 

Efi—ki 

\ En-ki/ 

where Xj G GLi{Fp) for 1 ^ j ^ k. The complete inverse w under ip contains 
a permutation w equal to a product of positive cycles + l,2i + 1, . . . , {k — 
l)i + l){2,i + 2,2i + 2,...,{k-l)i + 2)... {i,2i,3i, . . . , ki). Let (j){w) be the 
permutation matrix corresponding to w. The matrix (f){w) is symplectic and 
lies in Nq{Gi) fl Nq(T). Let w be a negative cycle of length k. Then Gi 
also contains a subgroup GLi{Fj^^ of the form described above. The inverse 
image of w under ip contains a permutation w equal to a product of nega- 
tive cycles (1, i + 1, 2i + 1, . . . , (A; — l)i + 1) . . . (i, 2i, Si, ... , ki). Let be 
the permutation matrix corresponding to w. The matrix 0(1(7) is not sym- 
plectic. Denote by d the matrix d\a.g{En+{k-i)ii —Ei, En-ki)- Then the matrix 
d(j)(w) is symplectic, hes in Nq{Gi) H Nq{T) and 7i{d(f)(w)) = w. Moreover, 
the action of (p(W) and dcpiw) on Gi coincide. Thus, {Gi)^od(j,{w) = (G'i)a-o<}i(wj)- 
Let W be a cycle of length k lying in a direct factor Syrrim- of ^^^(lyi)/!^!. 
Then Gi contains a subgroup isomorphic to Sp2i{Fp)^, consisting, after suit- 
able renumbering of rows and columns, of block-diagonal matrices of the form 
diag(Xi, X2,..., Xk, E2n-2ki), Xj e Sp2i{Fp) for 1 ^ j ^ k. The matrix (j){w) 
is defined in the same way as in the positive cycle case. By extending to 
Niv{Wi)/Wi, we obtain the desirable map. 
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The conjugacy classes of Nw(Wi)/Wi can be determined by collections of 
partitions. Indeed, a conjugacy class of Syrrim^ is determined by a partition 
p^^^ of rrij; a conjugacy class of Sim determined by a pair of partitions 
and C^*^ with |,^*^*)| + \C^^^\ = rii, where parts of give lengths of positive cycles 
and parts of C*^*-* give lengths of negative cycles. We have 

We carry out the description of reductive subgroups of maximal rank of 
finite group G„ according to the following scheme. We shall choose a collection 
of partitions p*-*\ C''*'' satisfying ([T]). It determines up to equivalence under 
the action of W the root system of Gi: the sum |^(*)| + \C^^^\ determines the 
number of subsystems of type Ai^i and number determines the number of 
subsystems of type Cj. It also determines the conjugacy class of Nw{Wi) /Wi. 
We shall choose a representative of this class w and describe a structure of 
group (Gi) 

The element w can be presented as a product of disjoint cycles, and Gi can 
be presented as a direct product of subgroups such that the image of each cycle 
under (j) acts nontrivially exactly on one factor. Thus, to describe the structure 
of reductive subgroups it suffices, for every cycle, to describe the structure of 
corresponding subgroup. Group Nw(Wi)/Wi contains three types of cycles: 
positive and negative cycles from factors Sl^ and cycles from factors Syrrimi- 

Let ^j*^ be a part of partition Then the decomposition of W into disjoint 
cycles contains a positive cycle of length This implies that Gi contains 

a subgroup isomorphic to GLi{FpP^ consisting of block-diagonal matrices of 
the form 

diag(Xi, X2, . . . , X (i) , E, Xf , X2 , . . . , X"^^) , E), 

where X^ G GLi{Fp) for 1 ^ k ^ C.f^ and E is an identity matrix of suitable 
size. We have 

a o 0(«;)(diag(Xi, X2, . . . , X X^^, X,^ , . . . , XtJ, E)) = 
= diag(Xi, X2, . . . , X ji),E, Xf ^, X^^ , . . . , X~J^ , E). 

Rewrite 

cr(diag(X (>) , Xi, . . . , X E, X~J^, Xf . . . , X'J^ , E)) = 
= diag(Xi, X2, . . . , X (i),E, Xf Xg""^, . . . , X~J^ , E), 
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this yields the system of equahties X2 — X^, — X2, ■ ■ ■ ,Xi — X'^^^ty This 

^3 

system gives equation Xi = X^ ^ , which is true if and only if Xi lies in 

GLi{q^:> ). Thus, in matrices of group (Gi)(to0(«7), parts ^j''' correspond to 
blocks of the form diag(y, Y~^), where 

Y = diag(X,X^ . . . X e GLi(g«i''). 

Denote the group of matrices of the form diag(y, F"^) by Hfj. 

Let (j''^ be a part of partition (^"^'^ Then the decomposition of w into disjoint 

cycles contains a negative cycle of length This implies that Gi contains 

ji) 

a subgroup isomorphic to GLi{Fppi consisting of block-diagonal matrices of 
the form 

diag(Xi, X2, . . . , X (i),E, X^''', • • • , X~Jy E), 

where Xk G GLi(Fp) for 1 ^ A; ^ and E is an identity matrix of suitable 
size. We have 

a o 0(w)(diag(Xi, X2, . . . , Xm),E, Xf^, X^^, Xzj;, E)) = 

= diag(Xi,X2, . . . ,Xm),E,X{^,X2^, ■ ■ .,X^JyE). 

''J Qj 

Rewrite 

cr(diag(X^J, Xi, . . . , X E, X ji),Xi'^, X~J^ , E)) = 
= diag(Xi, X2, . . . , X (i) , E, X{~^, ^2""^) • • • > ^7(7)^ E)i 

this yields the system of equalities X2 = X^, X3 = , . . . ,Xi = {X^J^ y. 



This system gives an equation Xi — {X^ ^)°'^^ , which is true if and only if Xi 



lies in GUi{q''i^). Thus, in matrices of group {Gi)(^o4>{w) parts (j'^ correspond 
to blocks of the form diag(F, Y~~^), where 

Y = diag(X,X^ . . .,X-''' X e GUiiq'^f). 

Denote the group of matrices of the form diag(F, Y~~^) by H^j. 

By similar arguments we can show that parts p^*^ of partition p^*) correspond 
to blocks of the form 

Y = diag(X, X^ X'-',..., X'^'"^ X e Sp2^{</'). 
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Denote the group of matrices of such form by H^^. 

Observe that groups H^j and H^j consist of diagonal matrices. Moreover, 
a group of diagonal matrices with blocks Aj and Bj along the diagonal, where 
Aj e and Bj G H'lj, in contained in Sp2niiFp) and conjugate in it to a 
maximal torus of Sp2niiQ), corresponding to the pair of partitions ^^^^ and (^^^ 
(see in Proposition 3.1]). Thus, we proved 

Proposition 2.1. Let G\ be a a-stable subgroup of G. Let w = T^{g"g~^) and 
coset Wiw lie in the conjugacy class corresponding to a collection of partitions 
p^^\ Then (6*1)0- is isomorphic to group Gi consisting of all block- 

diagonal matrices with blocks Aij, Bij, Gij along the diagonal, where Aij G H^j, 
Bij G H^j and Cij G Hf'j . In particular, 

Gl ^ l[GL,{q^f) X l[GU,{q<f) X l[Sp2i{q^). 

i,j iJ hj 

Since the center of GLi{q^i ) is a cyclic group of order g^J — 1, the center 

of GUi{q^i ) ia a cyclic group of order q^i + 1, the center of group Gi from 
the statement of Proposition 12.11 is 

Wiffi" - 1) X Wi/^' + 1) X \{z{Sp,M''h)- (2) 

i,3 i,j id 

The following assertion gives a description of composite part of spectrum 
of Sp2n{q)- 

Theorem 1. Let G ~ Sp2n{q), where n ^ 2 and q is a power of add prime 
p. Assume that for every natural k such that 2no = p^~^ + 1 < 2n and for 
every pair of partitions a = (ai, 02, • • • , «a) and /3 = {f3i, (32, ■ ■ ■ , f3b) such that 
n — no = \a\ + \(3\, the set v{G) contains a number 

- 1, - 1, . . . , - 1, q^' + 1, + 1, . . . , q^' + 1], 

contains 2p^ if 2n = p^"^ + 1 for some k > 1 and does not contain any other 
number. Then ^m{G) C //(G) C u){G). 

Proof. We shall prove the inclusion //(G) C u){G) first. To do this we for 
every possible k and partitions a and (3 shall construct a reductive subgroup 
H oi G such that t]{H) is equal to corresponding element of i^(G). Let / = 
{1, 2, . . . , no}. Put $1 = {icj ± Cj, ±2ej, i 7^ j,hj ^ I}- Then $1 is a 
subsystem of $ of type Define Gi = {T,Ur,r G $1). Let Wi a the 

Weyl group of Gi. Group N]y{Wi)/Wi is isomorphic to Sln-no- Consider the 
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conjugacy class of NwiWi)/Wi corresponding to a pair of partitions a and (3, 
where parts of a, give lengths of positive cycles and parts of /3j give lengths 
of negative cycles. Group G contains a reductive subgroup of maximal rank 
{Gl)cr which structure is determined by this class. Let a be the number of 
elements in a and b be the number of elements in /3. By Proposition 12.11 

(Gl), ^ Sp2no{q) X iq"' - 1) X ■ ■ ■ X (g"" - 1) x (g^^ + 1) x ■ ■ ■ x {q^" + 1). 

By Lemma 11.31 the maximal order of unipotent element in Sp2no {q) is equal 
to Therefore, = /[g^^ - 1, g"^ _ . . . ^ g". _ qPi + ^fe + 

l,...,g/^^ + l]. 

Moreover, if 2n = + 1, then is the maximal power of p lying in 
uj{G), and p'' is not contained in spectrum of any proper reductive subgroup. 
Thus, the number //(G) equal to 2p'^ lies in fim{G) and, therefore, must lie in 
z/(G). If 2n 7^ p^~^ + 1 for every k ^ 1, then r]{G) does not lie in fi{G) and 
divides ri{H) for some proper reductive subgroup of G. 

It remains to prove the inclusion ^rn{G) C ^{G). To do this we shall show 
that for every proper reductive subgroup of maximal rank H, which is not 
a maximal torus, there exists an element of divided by f]{H). Let the 
structure of H be determined by a collection of partitions ^^^\C^''\ 1 ^ i ^ a 
and p^^\ 1 ^ i ^ b. Since H is not a maximal torus, one of inequalities a > 1 
or 6 > hods. By formula ([2]) the center of H is isomorphic to the direct 
product 

Hiq^^' - 1) X Hiq^f + 1) X llZ{Sp2.{q'f)). 

i,j ij i,j 

Put e = expiUi,, Z{Sp2i{q''^'))). We have 

rji^H) = ^''[Icmlg^j ' - 1}, lcm{g''i ^ + 1}, e] 

here k is such that p'^ is the minimal power of p greater then max{a — 1, 26 — 1}, 
i. e. the greatest power of p lying n u{H). Let 2no = p^~^ + 1. Then 

/-i + l max{a- 1,26-1} + 1 , . 

no = ^ ^ = max{a/2, b}. 

By equality ([T]) we have 

+ |^(i)| + 2(|e(2)| + |C(2)|) + . . . + a{\^^^^\ + |C('^)|) + 
+ |p«|+2|p(2)| + ... + 5|pW| 

Put 

X = |^«| + |C«| + 1^(2) I + 1^(2) I + . . . + |^(a)| + |^(a)| ^ 
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Let us show that x ^ n. By substituting the expressions for x and n, we obtain 
the inequahty 

1^(1) I + 1^(1) I + 1^(2) I + 1^(2) I ^ . . . ^ |^(a)| ^ |^(a)| ^ ^ 

^ + |C«| + 2(|e(^)| + |C(^)|) + ■ ■ ■ + a(|e(")| + |C(")|) + 
+ |p(i)|+2|p(2)| + ... + 6|pW|. 

Rewrite 

+ |p(i)|+2|p(2)| + ... + 6|pW|. 

If max{a/2,6} = 6, then uq ^ 6|p*^^)| and, therefore, x ^ n. Assume that 
max{a/2,6} = a/2. Then a ^ 2 and required inequahty is foUows from in- 
equahties uq ^ a/2 ^ (a - + K^"^!)- 

Define partitions a and /3 as foHows: 

« = (d^d^---,ef\ef,...,d'^\...,n-a:), 

/3 _ ^^(1) a(2) a(2) /-(a) N 

K — ISl jS2 ) • • • ; Si ) S2 ) • • • ; Si j • • • J- 

Let $1 be a subsystem of $ of type C„q. Group iVvy(Vri)/iyi is isomor- 
phic to Sln-no- Choose in Nw{Wi)/Wi the conjugacy class corresponding to 
the pair of partitions a and (3, where parts of a give the lengths of positive 
cycles and parts of /3 give the lengths of negative cycles. By Proposition 12.11 a 
reductive subgroup Gi with the root system $i corresponding to this class is 
isomorphic to 

Sp2no{q) X l\{q^^' - 1) X + 1) x (g"-^' - 1). 

Hence 

ry(G'i) = /[2, lcm{g«^^'^ - 1}, lcm{g^i'' + 1}, g""^ - 1]. 
This number is divided by t]{H) and lies in i^iG). The theorem is proved. 

Theorem 2. Let G ~ PSp2n{(l), where n ^ 2 and q is a power of odd prime 
p. Assume that for every natural k such that 2no = p^~^ + 1 < 2n and for 
every pair of partritions a = (ai, 0^2, ... , Oa) o,nd (3 = /32, • • • , /3b) such that 
n — Uq = \a\ + \/3\ the set viG) contains a number 

- 1, - 1, . . . , g"'" - 1, q^' + 1, + 1, . . . , q^' + 1], 

and contains no other numbers. Then iimiG) C u{G) C uj{G). 
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Proof. The proof of Theorem [T] imphes that the set i^{Sp2n{(l)) consists of 
numbers ri{H), where H runs through a set of reductive subgroups of the form 

Sp2no{q) X {q"'-l) X (g"^ -1) X ■ ■ ■ X (g"" -1) x (q^' + l) x (q^^ + l) x ■ ■ ■ x {q^' + l), 

where 2no = p^-^ + I < 2n. If H ^ 5p2n(g), then t]{H / Z{Sp2n{q))) = v{H) 
by Lemma 11.41 If H = Sp2n{q), then 2n = p^~^ + 1 for some k and 
7]{H/Z{Sp2n{q)) = P^- Therefore, sets fim{Sp2n{q)) and ^i„i{PSp2n{q)) are 
distinct if and only if 2n = p^~^ + 1 for some ^ 1. In the latter case 

[lm{Sp2n{q)) = fiUPSp2n{q)) U {2/}. 

As a corallary of Lemma 11.31 [2, Proposition 3.1, Theorem 3], Theorems 
[T] and [2] we obtain a description of spectra of finite symplectic and projective 
symplectic groups over field of odd characteristic. 

Corollary 1. Let G = Sp2n{q), where 2 and q is a power of odd prime p. 
Then U){G) consist of all divisor of the following numbers: 

1) [g"i+eil,g"2 + £2l, • • . ,g"'' + esl] for every s ^ 1, G {+, ^i ^ s, 
and ni,n2, . . . ,ns > such that Ui + n2 + ■ ■ ■ + = n; 

2) ^''[g"! +eil, +£21, . . . , g"" +6:4] for every s ^ 1, Si e {+, 1 ^ z ^ 
s, and k,ni,n2, . . . ,ns > such thatp^^^ + l + 2ni + 2n2 + - ■ - + 2^,^ = 2n; 

3) 2p^ , if p^'^ + 1 = 2n for some k > 1. 

Corollary 2. Let G = PSp2n{q), where n ^ 2 and q is a power of odd prime 
p. Then uj{G) consist of all divisor of the following numbers: 

1) ^; 

2) [g"i +eil, g"2 +^21, . . . , g"^ +£.1] for every s ^ 2, G {+, -}, 1 ^ z ^ s, 
and ni,n2, . . . ,ns > such that rii + n2 + ■ ■ ■ + rig = n; 

3) p^[g"i +eil, g"2 +82!, . . . , g"» +£,1] for every s ^ 1, Si e {+, 1 ^ z ^ 
s, and k,ni,n2, . . . ,ns > such thatp^~^ + l + 2ni + 2n2 + - ■ ■ + 2ns = 2n; 

4) p^, if p^^^ + 1 = 2n for some k > 1. 

§ 3. Reductive subgroups of orthogonal groups 

Recall some definitions and notations concerning orthogonal groups. Group 
GOn{K,Q) is an orthogonal group of dimension n over a field K, associated 
to a non-singular quadratic form Q, and group SOn{K,Q) is a subgroup of 
GOn{K,Q) consisting of all matrices of determinant 1. If K is algebraically 
closed, then all forms lead to isomorphic groups. 
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Let K = GF{q), where g is a power of a prime p. In the case of odd 
dimension aU quadratic forms lead to the same orthogonal group GOn{q)', in 
the case of even dimension there are two non-isomorphic groups GO^{q) and 
GO~{q). In all cases we will use unified notation GOf^{q), where e is an empty 
symbol if n is odd and £e{+,— }ifnis even. 

Denote by fin{q) the commutator subgroup of S'O^(g). Group fl2n+i{Q) is 
simple if pair (n, g) is distinct from (1,2), (1,3), (2,2). Group ^^2n(?) 
center of order (4, g" — b1)/2 and its factor group by the center is denoted by 
Pfl2n{q)- For n < 4 simple groups Pf2|„(g) are isomorphic to some linear or 
unitary groups. For n ^ 4 all groups Pil|„(g) are simple. 

Put G = S02n+i{Fp,Q), where Q{x) + xiX-i + ••• + XnX-n, 

n ^ 1. Rows and columns of matrices from G are numerated in the order 
0, 1, 2, . . . , n, —1, —2, . . . , —n. Define group H as a. subgroup of G consisting 
of all matrices of the form diag(l,74), where A is a. matrix of size 2n x 2n. 
Then H ~ S02n{Fp). Let map a act on G as follows: matrix (aij) under 
action of a transforms into matrix {afj), where g is a power of p. Let r be a 
graph automorphism of H. Then a and aor are Frobenius maps of G. In this 
notation G^ ~ S02n+i{q)^H„ ~ S'Oj„(g) and H^or — S02n{<i)- 

The subgroup T of G consisting of all diagonal matrices of the form 
diag(l, Z^^^) is a maximal torus of groups G and H. The Weyl group 
W = Nq{T)/T of G is isomorphic to Sin- Its subgroup Wjj = Njj{T)/T 
is isomorphic to the subgroup of Sin consisting of permutations whose de- 
composition into disjoint cycles contain even number of negative cycles. Put 
no = diag(— 1, Aq), where Aq is the permutation matrix corresponding to nega- 
tive cycle (n, — n). Then tiq G Nq{T) and W = W-jjUwoW-ff, where Wq = 7r(no). 

The map a act trivially on W. Hence, cr-conjugacy classes of W coincide 
with conjugacy classes. Consider a o r-conjugacy classes of W-jj. The action 
of r on WjY coincide with the action of Wq. Elements Wi and W2 of Wjj are 
a o r-conjugate in W-^ if Wi = {w~^Y°'^ W2W for some w of Wjj. Since = 
Wq^wwq, the equality Wi = {w~^y°'^ W2W is equivalent to WqWi = w^^WqW2W. 
Thus wi and W2 are a o r-conjugate in if and only if wqW\ and wqW2 
are conjugated by an element of Wjj. For convenience, we will say that the 
structure of reductive subgroup of H^ot is determined by a conjugacy class of 
W contained in WqWjj. 

The root system $ of G has type B^- The system $ can be presented 
as follows. Let ei, 62, . . . , e„ be an orthonormal basis of a Euclidian space of 
dimension n. Then $ = {±ej ± e^, ±ej, i j,l ^ i,j ^ n}. The group W 
acts on the basis vectors in the following way: w{ei) — Cj if w{i) — j and 
w{ei) = —Cj if w{i) = —j. 

The root system of H has type D„. The system can be presented 
as follows. Let Ci, 62, . . . , e„ be an orthonormal basis of a Euclidian space of 
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dimension n. Then = {±ej ± Cj, i 7^ j, 1 ^ i,j ^ n}. The group W acts on 
the basis vectors in the following way: w{ei) = ej if w{i) = j and w{ei) = —ej 
if w{i) = —j. Thus the system is a subsystem of $. 

Let p be odd. Define elements Urit), r E ^, t E Fp as follows: 

Ur(t) = E + t{Eij - E_j_i), if r = Ci - e^-, 
M.r(t) = -E + -j - -j), if r = + Cj, 
Urit) = E + t{E^j.i - E^ij), if r = -e^ - e^-, 
= E + t{2Eifl - Eo,.i) - fEi^_i, if r = e^, 
M,(t) = E - t(2E_i,o - ^o,i) - if r = -Ci. 

Let now p = 2. In this case elements Ur{t) are defined in the following way: 

Ur{t) = E + t{Eij - E^j_i), if r = Ci - ej, 
Urit) = E + t{Ei^^j - Ej^^i), if r = + ej, 
Urit) = E + t{E^j^i - E^ij), if r = -Ci - ej, 
Urit) = E + t^Ei_i^ if r = Cj, 
Urit) = E + t^E_i^i, if r = — Cj. 

In both cases root subgroup Ur of G and H (with respect to T) consist 
of elements Urit), where t G -Fp ( see, e.g., the proof of Theorem 11.3.2 from 
[1]). Here, in the case of group G roots r lie in the system $ and in the case 
of group H — in its subsytem ^-ff. The root subgroups are cr-stable and, 
therefore, every reductive subgroup containing T is cr-stable. The element wq 
defined above transforms the root e„_i — e„ into the root e^-i + and fixes 
the rest of fundamental roots. Thus the action of no on H coincide with the 
action of graph automorphism. 

The following isomorphisms 

{Ur,r e^) ^n^n+liFp), 
{Ur,r e<^H) -^2niFp) 

holds (see [U Section 11.3]). 

If p is odd, then subsystems of $ ca be obtained in the following way (see [6l 
Section 3]). Let A and /i are partitions satisfying the condition |A| + |/i| < n with 
no part of /x equal to 1. Let A = (Ai, A2, . . . , A;) and /i = (/ii, ^2, ■ ■ ■ , l^m)- Put 
p = n — \\\ — Let Ji, h, ■ ■ ■ , Ii, Ji, J2, ■ ■ ■ , Jm be pairwise non-intersecting 
subsets of the set {l,2,...,n} such that \Ia\ = Xa for all 1 ^ a ^ / and 
\Jb\ = fif, for all 1 ^ 6 ^ m, and let K be the supplement to the union of the 
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sets /i, I2, . . . , Ii, Ji, J2, ■ ■ ■ , Jm in {1,2,..., n}. Define the system $1 to be the 
union 

y {e, -Cj -.iy^ j, i, j G /a} U y {±ei ± ej : i j, i, j E JjU 

U{±ei ± ej, ±ei:i^ j, i,j E K}. 
Then $1 is a subsystem of $ of type 

Ax,-i X Aa2_i X ■ ■ ■ X Ax,-i X D^^x D^^x ■■■X D^^ x Bp, 

and any subsystem of $ is equivalent under the action of W to some system 
of such form. 

In the case when p = 2 subsystems $1 of $ are constructed in the following 
way (see P Sections]). Let A, and p be partitions such that |A| + |/i| + |p| = n 
with no part of fi equal to 1. Let A = (Ai, A2, . . . , A;), fi = (/ii, fi2, ■ ■ ■ , fim) 
and p = (pi,p2, • • • ,Pr)- Let Ji, J2, . . . , Ji, J2, . . . , J™, Ki,K2,. . . ,Kr be 
pairwise non-intersecting subsets of the set {1,2, ... ,n} such that \Ia\ = \a 
for 1 ^ a ^ /, \ Jb\ = Hb for 1 ^ 6 ^ m and \Kc\ = Pc for 1 ^ c ^ r. Define the 
system $1 to be the union 

[j {ei- ej,i^ E Ia}l^ [j {±ei ± ej,i j E JpjU 

U [j {±ei±ej,±ei,i ^ E K^}. 

Then $1 is a subsystem of $ of type 

Ax,-i X ■ ■ • X Ax^-i X D^^x ■■■X x x ■ ■ ■ x Bp^, 

and any subsystem of $ is equivalent under the action of W to some system 
of such form. 

Subsystems of can be obtained in the following way (see |6l Section 
3]). Let A and p be partitions satisfying the condition |A| + |p| = n with 
no part of p equal to 1. Let A = (Ai, A2, . . . , A^) and p = (pi, p2, . . . , Pm)- 
Let /i, J2, ...,/;, Ji, J2, ••• , ^mbe pairwise non- intersecting subsets of the set 
{1,2, ... ,n} such that \Ia\ = Xa for all 1 ^ a ^ / and \ Jb\ = pb for all 
1 ^ b ^ m. Define the system $1 to be the union 

[j {d- Cj -.i^ E lajlJ [j {±ei±ej : i E Jb}. 

Then $1 is a subsystem of $7^ of type 

Ax.^i X Ax^-i X ■ ■ ■ X Ax^-i X D^^x D^^x ■■■X D^^, 
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and any subsystem of $ is equivalent under the action of W to some system 
of such form. This imphes that subsystems of ^ilso subsystems of $. 

Therefore, reductive subgroups of maximal rank of H are reductive subgroups 
of maximal rank of G. 

For subsystem $i of $ define the set of indices as follows: i and —i, 
where z G {1, 2, . . . , ra}, lie in 7$^ if and only if $i contains a root non orthogo- 
nal to Cj. Denote by the subgroup of T consisting of all diagonal matrices 
which have I's at places with numbers not in 1$^ along the diagonal. Denote 
the group (T$^,[/r,r G $i) by Let $i be an indecomposable subsystem 
and k = |/$j|/2. Repeating arguments from the previous section, we deduce 
that if $1 has type A^-i, then is isomorphic to GLk{Fp). If $i has type 
Dk or Bk, then, as we mentioned above, the root subgroups corresponding to 
the root from subsystem $i generate a subgroup isomorphic to Q2k{Fp) or 
fl2k+i{Fp) respectively. Let S* be a maximal torus of Qi{Fp). If p is odd, then 
group SOi{Fp) is generated by S and fli{Fp). If p = 2, then S is contained in 
Qi{Fp). Thus if p is odd, then G^^ is isomorphic to S02k{Fp), if $i has type 
Dk, and isomorphic to S02k+i{Fp), if $i has type Bk, and if p = 2, then 
is isomorphic to fi2fc(Fp), if $1 has type Dk, and isomorphic to ^l2k+i{Fp), if 
$1 has type Bk. 

Let Gi be a cj-stable reductive subgroup of maximal rank of G with the 
root system $1 of the form described above. Denote by rii the number of sets 
of cardinality i among the sets /„, by rrij the number of sets of cardinality j 
among the sets Jb- If p is odd, then Gi is isomorphic to the direct product 

l[GL,(Fpr X l[S02j(Fpr^ X S02p+i(Fp). 

i j 

If p = 2, then Gi is isomorphic to 

l[GLi(Fpr X l[n2,(Fpr^ X l[n2s+i(Fp)''% 

i j s 

where kg is the number of sets of cardinality s among the sets Kc- 

Put Pa = YliSlm, Pd = YljSlmy Let Pb = 1, if p is odd, and Pb = 
Yls^y^ks if p = 2. Then Nw{Wi) /Wi is isomorphic to the direct product 
Pax PdX Pb (see P Section 3]). 

Recall that to describe the structure of reductive subgroups of maximal 
rank in finite group it suffices to describe the structure of groups (Gi)o-on, where 
n runs over some set of matrices. Let us show that matrices n can be chosen 
among permutation matrices. Let w G N]y(Wi). Let n be the permutation 
matrix corresponding to permutation w. Then one of the matrices n and —n 
lies in the preimage of w. Since actions of n and —n on Gi coincide, every 
group of the class corresponding to Wiw is conjugate to (Gi)o-on in G. 
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Let us construct a map from N\y{Wi)/Wi to Nw(Wi). If ty is a cycle of 
length A; in a subgroup Sln^ of P4, then d has a direct factor isomorphic to 
a direct power GLi{FpY consisting, after suitable renumbering of rows and 
columns, of block- diagonal matrices of the form 

diag(Xi, . . . , Xk, Eji-kh ^i^T ■ ■ i^k^^ En-ki), 

where Xj e GLi(Fp) for 1 ^ j ^ k. If cycle W is positive, then it maps 
to the product of cycles (1, i + 1, . . . , (A; — l)i + 1)(2, i + 2, . . . , (A; — l)i + 
2) . . . (z, 2i, . . . , ki). If w is negative, then it maps to the product of cycles 
(1, i + 1, . . . , (A; — l)i + 1) . . . (i, 2i, . . . , ki). Let tZJ be a cycle of length k ina 
subgroup Slrrn of Pd. Then Gi has a direct factor isomorphic to a direct 
power S02i{FpY consisting, after suitable renumbering of rows and columns, 
of block-diagonal matrices of the form diag(Xi, X2, . . . , X^, £'2„_2fei), Xj e 
S02i{Fp) for 1 ^ J ^ A;. If ItJ is positive, then it maps to the same permuta- 
tion as in the case of a positive cycle of Pa- If w is negative, then it maps to the 
permutation + . . . , {k-l)i + l){2,i + 2, . . . , {k-l)i + 2) . . . {i,2i, . . . , ki). 
Let p = 2 and w be a cycle of length A; in a subgroup Syniki of Pb- Then 
Gi contains a subgroup isomorphic to S02i^\{Fp)^ consisting, after suit- 
able renumbering of rows and columns, of block-diagonal matrices of the 
form diag(l,Xi,X2, . . . ,Xfc,E2n_2fei), where diag(l,Xj) G S02i+i{Fp) for all 
1 ^ J ^ A;. The image of w is determined in the same way as in the case of 
a positive cycle of Pa- It is not difficult to check that the extension of this 
map to NwiWi) /Wi is an isomorphism. Denote the image of NwiWi) /Wi 
under this isomorphism by TV2. Obviously, the intersection of Wi and 1^2 is 
trivial. Thus, NwiWi) = Wi X W2. If we now map each element of 1^2 to 
corresponding permutation matrix of size (2n + 1) x (2n + 1), then we will 
receive an isomorphic embedding of N]y{Wi)/Wi into the group of permuta- 
tion matrices. Denote this embedding by 0. If Wi is a subgroup of Wjj, then 
group NwjjiWi) /Wi corresponds to the subgroup VF2nVF;^ of W2 consisting of 
all permutations of IV2, whose decomposition into disjoint cycles contains even 
number of negative cycles. 

The conjugacy classes of N\y{Wi)/Wi can be determined by collections of 
partitions. Indeed, a conjugacy class of Syniki is determined by a partition p^'^ 
of kf, a conjugacy class of is determined by a pair of partitions ^^^^ and C^'^ 
with |^«| + IC^'^I = rii, and a conjugacy class of Sl„^ is determined by a pair 
of partitions 9^'^^ and -u*^*) with |^*^*)| -|- = mj, where parts of partitions ^^"^^ 
and 6*^*) give lengths of positive cycles and parts of C*^*-* and v^'^^ give lengths of 
negative cycles. We have 

i j s 
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In this equality p = 0, if the characteristic is 2, every Ip*^*-*! is equal to 0, if 
the characteristic is odd, and for classes of N]y_{Wi)/Wi both conditions are 
satisfied, that is p is equal to and every |p*^*^| is equal to 0. 

Given a collection of partitions let w be a representative of the correspond- 
ing conjugacy class. The element w can be presented as a product of disjoint 
cycles, and Gi can be presented as a direct product of subgroups such that 
each cycle acts nontrivially exactly on one factor. Thus, to describe the struc- 
ture of reductive subgroups it suffices, for every cycle, to describe the structure 
of corresponding subgroup. Group Nw{Wi)/Wi contains five types of cycles: 
positive and negative cycles from factors Pa, positive and negative cycles from 
factors Pd and cycles from factors Pb- The first two cases can be dealt in the 
same way as in the previous section. The cases of a positive cycle of Pd and a 
cycle of Pb can be done in a similar way. Let us consider the case of negative 
cycle of Pd- 

Let p be odd and v^'^ be a part of partition v^'^\ Then the decomposition of 
w into disjoint cycles contains a negative cycle of length Vj'\ This implies that 

Gi contains a subgroup isomorphic to S02i{Fp) "^ consisting of block-diagonal 
matrices of the form 

diag(Xi,X2,...,X^«,E), 

where € S02i{Fp) for 1 ^ /c ^ Vj'\ and E is an identity matrix of suitable 
size. We have 

a o cf>{w) (diag(Xi, X2, . . . , ,E))^ diag(Xi, X^, . . . , X^w , E) . 

j 3 

Rewrite this in the following way 

(7(diag(X;„ , Xi, . . . , E)) = diag(Xi, ^2, . . . , X^w , E), 

where r denote the graph automorphism of S02i{Fp). We obtain the system 
of equalities X2 = X^, X^ — X2, . . . , Xi = X"'°^. This system gives equahty 

= xf' 

which is satisfied if and only if the matrix Xi lies in SO 2^(0"^ ). Thus, in 
matrices of group {Gi)^o(p{w), parts vj'^ correspond to blocks of the form 

diag(X, X%..., X'^'^^""'), X e SO^M"^''). 
Denote the group of matrices of such from by H^-. 
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In the case p = 2, by repeating the arguments from the previous para- 
graph with substitution of S02i{Fp) for n2i{Fp), we obtain that, in matrices 
of {Gi)cro(j>{w), part Vj'^ corresponds to the block 

diag(X,X^ . . .,X^'^^'"), X G n^Ao"^')- 

Denote the group of matrices of such form by H^j. 

Groups corresponding to parts of partitions ^^^^ and C-*^ can be defined 
independently of the characteristic. Define for a part ^j^^ of partition the 

group H^j to be the group consisting of matrices of the form diag(F, y~^), 
where 

Y = diag(X,X^X'^', . . . X G GL,{q^f'). 

Define for a part c]*'' of partition (^^'> the group H^J to be the group consisting 
of matrices of the form diag(y, Y~^), where 

F = diag(X,X",X"',...,X"^^' X G 

Let p be odd. Define for a part 6^^^ of partition 6"^*) the group Hfj to be the 
group consisting of matrices of the form 

diag(X,X^X'^', . . . ,X'^''^'"\ X G SO+{q'f). 

If p = 2, then a part O^j'^ of partition 6^^'> corresponds to the group Hfj consisting 
of matrices of the form 

diag(X,X^X'^^...,X'^'" "\ XGfi+(g''^'). 

If p is odd, then subsystem of type B is unique and the subgroup cor- 
responding to this subsystem is isomorphic to S02p+i, where p satisfies the 
equality ([3]). Let p = 2. Define for a part p^j^ of partition p^^^ the group H^j to 
be the group 

diag(X,X^X'^^...,X'^"'''""), diag(l,X) G ^l2^+l{q'^)■ 

Thus, in this notations the following statement, giving the description of 
reductive subgroups of S02n+i{(l), holds. 

Proposition 3.1. Let p be odd and be a-stable. Let w = T^{g"g~^) and the 
coset WiW lie in the conjugacy class corresponding to a collection of partitions 
0(i)^ y{i)^ ^(i)^ ^(i). Then (G^)^ %s conjugate m G to the group Gi consisting 
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of all block- diagonal matrices with blocks B, Af-, Df-, where B G 

S02p+i{q) and p satisfies the equality (0), A± G Hfj, A'j G H^j, G if J, 
D^j G Hl'j. In particular, 

Gl ^ 502,+i (g) X n GL, ) x J] Gf/. (g^ ) x J] 50+ (g''^" ) x J] 50^, (g'^"' ) . 

i,j ij i,j id 

Proposition 3.2. Let p = 2 and be a-stable. Let w = ir^g'^g^^) and the 
coset Wiw lie in the conjugacy class corresponding to a collection of partitions 
pW^^(«)^ ^(*)^ ^W, Then (Gf)o- is conjugate in G to the group Gi consisting 
of all block- diagonal matrices with blocks Bij, Afj, A^j, D^j, D^-, where Bij G 
^, Af^ G 4, Ar- e 4, D± G Hf^, DT^ G H^^. In particular, 

G? ^ n (/^' ) X n G*^. (g^^' ) X n Gf/. (g^"' ) x n i<fi' ) x n ^2-. i/^ ) ■ 

i,j i,j i,j i,j hj 

The following proposition is a corollary of Propositions 13.11 and 13.21 and 
gives a description of reductive subgroups of S'0|j(g) with odd g and f^|j(g) 
with g equal to a power of 2. 

Proposition 3.3. Le^ G^ be a a-stable subgroup of H . Let w = 7r{g'^g~^) 
and the coset Wiw lie in the conjugacy class corresponding to a collection 
of partitions 6'*^*\ v'^^'^ C''*''- Then (G^)ct is conjugate in G to the group 
Giconsisting of all block- diagonal matrices with blocks Af-, A'^-, D^j, D~-, where 
Afj G Hfj, A^j G H'lj, D^j G H^j, D^- G H^-. Moreover, the number of groups 
H^j with odd i and groups H^^ is even, if Wiw C Wjj, and odd, if Wiw C 
WqWjj. In particular, group G\ is isomorphic to 

\{GL,{<fi') X WgUM"^') X X{SOU<ff) X WSO:,^'), 

i,j hj iJ hj 

if p is odd; and isomorphic to 

llGL^iq^f) X llGU.ig^'f') X UnUg"^') x Hn^^if^), 

i,j ij i,j i,j 

in the case p = 2. 

Proof. Recall that NwiWi)/Wi can be isomorphically embedded into 
Nw{Wi). The image of this embedding we denoted by W2- Under this em- 
bedding, positive cycles of NwiWi)/Wi map to products of positive cycles of 
NwiWi). A negative cycle corresponding to a part of partition v^"^^ map to a 
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product of a number of positive cycles and a negative cycle. Finally, a cycle 
corresponding to a part of partition ^^^^ maps to a product of i negative cycles. 
To finish the proof we should recall that the image of Nwj^{Wi)/Wi under the 
embedding consists of permutations whose decomposition into disjoint cycles 
contains an even number of negative cycles. 

The center of H^j is isomorphic to a cyclic group of order q^i — 1, the 

center of H^^ is isomorphic to a cyclic group of order g^j + 1. The center of 

Hfj is trivial, if g is a power of 2, and has order (4, — l)/2, if q is odd. 

The center of H^ - is trivial, if g is a power of 2, and has order (4, q^^i + l)/2, 
if q is odd. The center of H^^ is trivial. Thus, the center of Gi is isomorphic 
to the direct product 

Wi^fi" - 1) X \\{q^ + 1) X \[Z{^) X n^(^^)- (4) 

i,j iJ i,j 

In the next section we will need some information about maximal tori of 
orthogonal groups with odd p. In this case f2^(g) = {SO^{q)). For pair 
of partitions a = (ai, 0:2, ... , and (3 = /32, . . . , /3b) define elements U, 
1 ^ i ^ a + b, in the following way: for 1 ^ i ^ a put 

Ai = diag(i?Q,^+a24....+Q,-_-^, Aj, Aj , . . . , Aj , Eai^^+...+aa+\l3\) 

and ti = diag(y4j, A^^), where Aj is a primitive root of unity of degree g"^ — 1, 
for a < i ^ a + b put 

Ai = diag(£'|Q,|+/3j+^2+...+^,._^_j, Aj, A^, . . . , A^ , i?;3j_„+i+...+^J 

and ti = diag(y4j, where Aj is a primitive root of unity of degreeg^'-" + 1. 

In the following lemma ct+ denotes the map a, and cr_ denotes the map 
cr o no. 

Lemma 3.4. Let p be odd and T be a maximal torus of H„^, e G {+, — } cor- 
responding to a pair of partitions a = (ai, a2, ■ ■ ■ , Oa) and f3 = {f3i, (32, ■ ■ ■ , f3b) , 
where parts of a give lengths of positive cycles, and parts of (3 give lengths of 
negative cycles. Then group T (1 {Ha^) is conjugate in H to the group 

Ti = {t\Hl^ ...tf\ki + k2 + --- + ks is even}. 

Proof. See. [2i Proposition 4.3] and the proof of Theorems 5 and 6 in [2]. 

Since groups Tr\0^'{H^J and Ti are conjugate in H, the center Z{H^J is 
a subgroup of Ti. Therefore, the images of T n OP (H^^) and Ti in H/Z{H^^) 
are conjugate. The generator of the center z is equal to t^^^'^^tg^'''^ . . . t!,*^'''^ = 
diag(l,-E). 
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§ 4. Spectra of orthogonal groups 

First, we will obtain a description of spectra of simple orthogonal groups 
over fields of characteristic 2. 

Theorem 3. Let G = fl2n+i{(l), where n ^ 2 and q is a power of 2. Assume 
that for every natural k ^ 2 such that uq = 2^'"^ + 1 < n and for ever pair 
of partitions a = {ai,a2, ■ ■ ■ ,aa) and (3 = {(3i, (32, ■ ■ ■ , Pb) such that n — uq = 
\a\ + the set ^{G) contains a number 

2'=[g°i - 1, - 1, . . . , g"" - 1, + 1, g^^ + 1, . . . , q^^ + 1]; 

for every pair of partitions 7 = (71, 72, ... , 7c) and 5 = {61, 62, ■ ■ ■ , Sd) such 
that n — 1 = I7I + 1^1 the set v{G) contains a number 

and does not contain any other number. Then fim{G) C //(G) C u){G). 

Proof. We shall prove the inclusion //(G) C u{G) first. To do this we for every 
possible k and partitions a and (3, and partitions 7 and 6, shall construct a 
reductive subgroup H of G such that ri[H) is equal to corresponding element 
of z/(G). 

Consider the first case. Put I = {1,2, ... , hq}. Let $1 = {±ei±ej, icj, i 7^ 
j,i,j G /}. Then $1 is a subsystem of system $ of type Bno- Let Gi = 
{T,Ur,r E $1). Let Wi be the Weyl group of Gi. The group Nw{Wi)/Wi 
is isomorphic to Sln-no- Consider the conjugacy class of N]y{Wi)/Wi cor- 
responding to the pair of partitions a and (3, where parts a, give lengths of 
positive cycles and parts /3j give lengths of negative cycles. Group G contains 
a reductive subgroup of maximal rank (G^)o-, whose structure is determined 
by this class. Let a be the number of elements in the partition a and b be the 
number of element in the partition /3. By Proposition 13.21 we have 

(G?). - 02no+i(g) X (g"^ - 1) X ■ ■ ■ X (g"'" - 1) X (g^^ + 1) x ■ ■ ■ x {q^" + 1). 

By Lemma [1.31 the maximal order of unipotent element in Q2no+i{(l) is equal 
to 2^ Therefore, r]i(Gl)^) = 2'=[g"i - 1, g"^ - 1, ... , g°- - 1, g/^i + 1, gfe + 

Let 7 and 5 be a pair of partitions such that |7| + |5| = n — 1. Put 
$1 = {±ei}. Then $1 is a subsystem of system $ of type Bi. The 
group Nw(Wi)/Wi is isomorphic to Sln^i- Consider the conjugacy class of 
Ny/{Wi) /Wi corresponding to the pair of partitions 7 and 5, where parts of 
7j give lengths of positive cycles and parts of 5j give lengths of negative cy- 
cles. Group G contains a reductive subgroup of maximal rank (G^)^-, whose 
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structure is determined by this class. Let c be the number of elements in the 
partition 7 and d be the number of element in the partition 5. By Proposition 
13.21 we have 

{G\)„ ~ ^]3(g) X {q<^ - 1) X ■ ■ ■ X (g> - 1) X {q^^ + 1) x ■ ■ ■ x {q^^ + 1). 

By Lemma [1.31 the maximal order of unipotent element in ^^3(5') is equal to 2. 
Therefore, r/((G?)^) = 2[q^^ - 1, g^^ - 1, ... , g> - 1, q^^ + 1, g-^^ + 1, . . . , g-^rf + 1]. 

It remains to prove the inclusion fim{G) C ^{0). To do this we shall show 
that for every proper reductive subgroup of maximal rank H, which is not 
a maximal torus, there exists an element of divided by f]{H). Let the 
structure of H be determined by a collection of partitions ^^^^ and C^*-*, where 
1 ^ i ^ a, 61*^*^ and v'^^\ where 2 ^ i ^ b, p*^*\ where 1 ^ i ^ c. Note that H 
is a maximal torus if and only if a = 1, 6 = and c = 0. By formula (jl]) the 
center of H is isomorphic to the direct product 

Uiq^^' - 1) X Hiq^^' + 1). 

id i,j 

We have 

ri{H) = 2^[lcm{g«^''' - 1}, lcm{g^^^'^ + 1}], 

where k is such that 2^ is the least power of 2 which is greater than max{a — 
1,26 — 3,2c — 1}, i.e. the greatest power of 2 lying in (if). Put no = 2^^"^ + 1, 
if A; ^ 2, and Uq = 1, if k = 1. Then riQ ^ max{(a + l)/2, 6—1, c}. 
By formula ([3]) we have 

+ |^(i)| + 2(|e(2)| + |C(2)|) + . . . + aiie^^l + \C^^^\) + 

+2(|^(2)| ^ |^(2)|) ^ . . . ^ ^ ^ |^(l)| ^ 2|p(2)| + . . . + c|pW| = n. 

Put 

X = l^'^l + K^'^l + le^'^l + IC^'^I + ■ ■ ■ + \&^\ + \&^\ + no. 

Let us prove that x ^ n. By substituting the expressions for x and n, we 
obtain the inequality 

1^(1) I + 1^(1) I + 1^(2) I + 1^(2) I + . . . + |^(a)| ^ |^(a)| ^ ^ 

^ + |C«| + 2(|e(2)| + |C(^)|) + ■ ■ ■ + a(|e(")| + |C(")|) + 

+2(|^^(2)| ^ |^(2)|) ^ . . . ^ ^ ^ |^(1)| ^ 2|p(2)| + . . . + c|pW|. 

Assume that max{(a + l)/2, 6 — 1, c} = (a + l)/2. If a > 2, then 

no + \&^\ + \&^\ < ^ + |e^"^| + |C^"^| ^ a-l + |e('^)| + |C('^)| ^ a(|e^")| + |C^'^)|). 
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If a = 2, then hq = 1. In this case we have 

^0 + \&^\ + IC^^^I = a - 1 + + IC^^^I ^ a(|e(")| + IC^'^^I). 

If max{(a + l)/2,b- l,c} = 6 - 1, then no < + li^^^^l). If max{(a + 

l)/2, 6 — 1, c} = c, then ng ^ c|p'-^''|. Thus, in every case the inequality x ^ n 
hlds. 

Define partitions a and /3 as follows: 

/3 = (cf\d^...,cf\cf,...,d"\...). 

Let Gi = {T,Ur,r G where $i is a subsystem of system $ of type 
BnQ. The group A''iy(Wi)/iyi is isomorphic to Sln-no- Group NwiWi) /Wi 
contains the conjugacy class corresponding to the pair of partitions a and /3, 
where parts of partition a give length of positive cycles and parts of partition 
(3 give lengths of negative cycles. Group G contains a reductive subgroup of 
maximal rank of the form (Gi)o-, whose structure is determined by this class. 
By formula (jl]) the center of this group is isomorphic to the direct product 

W{<fi' - 1) X + 1) X (g— - 1). 

Thus, 

vi(Gl)^) = 2'=[lcm{g«f - l},lcm{g'^i" + 1},?""" - 1]. 
This number is divided by r]{H) and lies in iy{G). The theorem is proved. 

Lemma [1.3[ [2, Theorem 3] and Theorem [3] yield a description of spectra 
of simple orthogonal groups of odd dimension over fields of characteristic 2. 

Corollary 3. Let q be a power of 2 and G = fi2„+i(g) — Sp2n{,<i), n ^ 2. 
Then uj{G) consists of all divisors of the following numbers: 

1) + + esl, • • • , g"^ + ^4] for all s ^ 1, Si E {+, -},l^i^s, 
and TT-i, n2, . . . , > such that ni + n2 + ■ ■ ■ + = n; 

2) 2[g"i + Ell, + ^al, . . . , + e.l] for all s ^ I, Ei e {+, -},l^i^s, 
and ni,n2, . . . ,ns > such that ni + n2 + ■ ■ ■ + rig = n — 1; 

3) 2'=[g"i + Ell, + ^^l, • • • , + £sl] for all s ^ 1, k ^ 2, G {+, -}, 
1 ^ i ^ s, and ni, n2, . . . , > such that 2^^^ + l+ni+n2 + - ■ ■+ns = n; 

4) 2'', if 2^'"^ + l = n for some k^2. 
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Theorem 4. Let G = f22„(g), where n ^ 4, £ e {+, — } and q is a power of 2. 
Let iy{G) to consist of the following numbers: 

1) 2''[q''^-l,q'^^-l,. . .,q'^--l,q'^^ + l,q'^^ + l,. ..,q^>' + l] for alls ^ 1 and 
ai, . . . ,aa, Pi . . . , > such that 2^"2+2+q;iH \-aa+Pi-\ \-Pb = n; 

2) 2[q''^ - l^q""^ -1, . . . ^q""" - l,ql^^ + l,q^^ + l, . . . ,q^b + 1] for all s ^ 1 and 
CKi, . . . , cca, /5i . . . , /5& > such that 2 + ai-\ h + H h /^b = n; 

3) 2[g±l,5"i-l,g'*2_i ga„_;^^^/3i^;^^^/32 + l gA + l] for alls ^ 1, 
/ zs even, z/ e = +, and odd, if s = —, and ai, . . . , Pi . . . , f3f, > such 
that 2 + ai-\ h + /3i H \- /3b^ n; 

4) ^q-l,q''^-l,q''^-l,...,q''--l,ql^^ + l,q^^ + l,...,ql^t- + l\ for all s ^ 1, 
/ is even, if e = +, and odd, if e = —, and ai, . . . , aa, f3i . . . , f3b > such 
that 3 + ai + ■ ■ ■ + aa + Pi + ■ ■ ■ + Pb = n. 

5) 4[g + 1, - 1, q""^ - 1, . . . , g"" - 1, q^^ + l,q^^ + 1, . . . , + 1] for all 
s ^ 1, odd I, if e = +, and even, if e = —, and cti, . . . , . . . , /S^ > 
snc/i that 3 + ai + ■ ■ ■ + da + /3i + • • • + = n. 

r/ien /^^(G') C v{G) C 

Proof. Let e = +. We shall prove the inclusion i'{G) C a;(G') first. For every 
element m of z^(G') we will find a reductive subgroup H such that m = ri{H). 

Let m = 2%"' - 1, g"^ - 1, ... , - 1, q^^ + 1, g^^^ + 1, . . . , q^^ + 1], where 
h is even and k ^ 2. Put no = 2'^~'^ + 2. Then subgroup H can be chosen as a 
subgroup isomorphic to the direct product 

^tno (?) X (?"' - 1 ) X (?"' - 1) X • • • X (g"" - 1) X {ql^^ + 1) X (g^^ + 1 ) x ■ ■ ■ x {q^" + 1) . 

Let m = 2^[g"i - 1, g"^ _ . . . ^ _ ql^i + 1, g^ + . . . ^ g/?^ + i]^ ^here 
b is odd and k ^ 2. Put no = 2*^~^ + 2. Then subgroup can be chosen as a 
subgroup isomorphic to the direct product 

^2n, (?) X (?"' - 1) X (g"' - 1) X • • • X (g"" - 1) X (g^i + 1) x (g^^ + 1) x • ■ • x (g'^" + 1) . 

Let m = 2[g"i - 1, g"^ - 1, ... , g"- - 1, g/^i + 1, g/^^ + 1, . . . , g/^" + 1], where 
b is even. Then subgroup H can be chosen as a subgroup isomorphic to the 
direct product 

l]+(g)x(g"i-l)x(g"2-l)x---x(g""-l)x(g'^i + l)x(g'^2 + l)x---x(g^'' + l). 

Let m = 2[g°i - 1, g"^ - 1, . . . , g"« - 1, g/^i + 1, g/^a _^ 1, . . . , g/^b + i]^ where 
b is odd. Then subgroup H can be chosen as a subgroup isomorphic to the 
direct product 

^4(?)x(g"^-l)x(g"2-l)x---x(g"'^-l)x(g'^i + l)x(g'^2 + l)x---x(g^'' + l). 
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Letm = 2[q-l,q'^^-l,q'^^-l,. . .,q'^-~l,q^^ + l,q^^ + l,. . .,q^>' + l]. Then 
subgroup H can be chosen as a subgroup isomorphic to the direct product 

GL2{q) X (g"^ -1) X (g"^ -1) x ■ ■ ■ x (g"" -1) x (g'^^ + 1) x (g'^^ + l) x ■ ■ ■ x (q^' + l). 

Let m = 2[g+l,g"i-l,g"2_x^_ _ _^g«a_i^g/3i^X^^/32 + X^_ _ + xhen 
subgroup H can be chosen as a subgroup isomorphic to the direct product 

GU2 (g) X (g"i - 1) X (g"2 _ 1 ) X . ■ . X (g"" - 1) x {q^' + 1) x (g^^ ^_ 1) x ■ ■ ■ x {q^^ + 1) . 

Let m = 4[g-l,g"i-l,g"2-l, . . . , g/^i + l, g/^a + l, . . .^ql^i + l]. Then 

subgroup if can be chosen as a subgroup isomorphic to the direct product 

GLs (g) X (g°i - 1) x (g"^ _ 1) x ■ ■ ■ x (g"» - 1) x (g^^^ + 1) x (g'^^ + 1) x ■ ■ ■ x (g'^'' + 1) . 

Let m = 4[g+l,g"i-l,g"2-l, . . . , gft + 1, g/^a + l, . . . ,5/36 + !]. Then 

subgroup H can be chosen as a subgroup isomorphic to the direct product 

GUsiq) X (g"i - 1) X (g°2 _ i) x ■ ■ ■ x (g"" -1) x (g'^^ +1) x (g'^^ + 1) x ■ ■ ■ x (q^^ + l). 

Now we will prove the inclusion fim{G) C i^(G'). Let if be a reductive 
subgroup of maximal rank, which is not a maximal torus, whose structure is 
determined by partitions ^^'^^ and where 1 ^ z ^ a, and v^'^\ where 
2 ^ i ^ b. Since H is not a maximal torus, either a > 1 or 6 > 1. By formula 
@ the center of H is isomorphic to the direct product 

lliq^r - 1) X n(^^' + !)• 

We have 

T]{H) = 2'=[lcm{g«^*'' - l},lcm{g^l'' + 1}], 

where k is such that 2'^ is the least power of 2, which is greater than max{a — 
1, 2b — 3}, i. e. the greatest power of 2 lying in co{H). Put no = 2^^^ + 2, if 
k ^ 2, and no = 2, if A; = L Then uq ^ max{(a + 3)/2, 6}. 
We have 

+ + 2(|e(2)| + |C(2)|) + . . . + ade^'^)! + |C('^)|) + 

+2(|0(2)| ^ |^(2)|) ^ . . . ^ ^ ^ ^_ 

Put 

X = le^^^i + ic«i + le^^^i + ic^^^i + • • • + + l&'^l + no. 
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Let us find the conditions under which the inequahty x ^ n holds. Assume 
that max {(a + 3)/2,b} = b. Then uq ^ + \v^^^) and, therefore, x ^ n. 

Assume that max{(a + 3)/2, 6} = (a + 3)/2. If a > 4, then 

no+\&^\ + \&^\ ^ ^ + |e('^)| + |C('^)| ^ a-l + |e('^)| + |C('^)| ^ a(|e('')| + |C('^)|). 
If a = 4, then no = 3. In this case we have 

no + \&^\ + \&^\ = a - 1 + + \&^\ < a(|e(")| + K^"^!)- 

If a = 2 or a = 3, then x can be greater than n. 

Let a — 3. Then no = 3 and 6^3. Assume that x > n. We have 

|^(l)| + |^(l)| + |^(2)| + |^(2)| + |^(3)| + |^(3)|+3>|^(l)| + |^(l)|+2(|e(^)| + |C(^)|)+^^ 
+2(|^(2)|^|^(2)|)^3^|^(3)|^|^(3)|)_ 

Therefore, 

3 > le^'^l + IC^'^I + 2(|e(=^)| + |C(=^)|) + 2(|^(2)| + \v^'^\) + 3(|^(=^)| + \v^'^\). 

This imphes that + |^(3)| ^ |^(2)| ^ |^(2)| ^ q and 6 = 0. The group H 
corresponding to such collection of partitions is isomorphic to 

GLsiq) xHiq^^' -1) xHiq'^^"' + 1), 

j 3 

if IC^^^I — 1) ^iid isomorphic to 

if IC^^^I = 1- In both cases r]{H) lies in //(G). 

Let a = 2. Then uq = 2 and 6^2. Then the inequality x > n implies that 
I'C*"^''! + IC*^^"*! = 1 c'-nd 6 = 0. The group H corresponding to such collection of 
partitions is isomorphic to 

GL^iq) xl[(q^^' -1) xl[(q<^'' + 1), 

j j 

if 1^(2) I — 1^ and isomorphic to 

GU2{q)xl[{q^^'' -l)xll{q^^'' + 1), 

3 3 
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if |(^(^)| = 1. In both cases r]{H) lies in i^{G). 

Thus, it remains to consider the cases when x ^ n. If the sum of lengths 
of partitions C*^*^ over all i is even, then G contains a subgroup Hi isomorphic 
to the direct product 

if the sum is odd, then G contains a subgroup Hi isomorphic to 

In both cases we have 

r]{Hi) = 2'=[lcm{g«^*" - l},lcm{g^l'' + - 1]. 

This number is divided by t]{H) and lies in I'iG). By word for word repeating 
of this proof with interchanging the word "even" and "odd", we obtain the 
proof for the case e = —. The theorem is proved. 

As a corollary of Lemma 11.31 [21 Theorem 7] and Theorem H] we obtain a 
description of spectra of simple orthogonal groups of eve dimension over field 
of characteristic 2. 

Corollary 4. Let G = where n ^ 4, e E {+, — } and q is a power of 

2. Then uj{G) consists of all divisors of the following numbers: 

1) [g"i + 1, + 1^ . . . ^ qn, + ^nj+i _ qn,+2 _ . _ . ^ _ i] all s^l, 
I is even, if e = +, and odd, if e = —, and ni,n2, . . . ,ns > such that 
ni + n2-\ + ns = n; 

2) 2'=[g"i + l,q'^-' + l,. . . , g"' + 1, - 1, - 1, . . . , - 1] for all s ^ 1 
and ni,n2, . . . , > such that 2^^"^ + 2 + rii + ^2 + ■ ■ ■ + = n; 

3) 2[g"i + 1, g"2 + 1^ . . . ^ g", ^ ^n,+i _ ^n,+2 _ ^ ^ ^n. _ 1] y^r a// s ^ 1 
and ni,n2, ■ ■ ■ ,ns > stxc/i t/iat 2 + ni + n2 + ■ ■ ■ + Ug = n ; 

4) 2[g ± 1, g"i + 1, g"^ + . . . ^ g", ^ ^n,+, _ ^n,+2 _ _ _ _ ^ ^n. _ i] y^r 

s 1, I is even, if e = +, and odd, if e = —, and ni,n2, . . . , > such 
that 2 + ni + n2 + ■ ■ ■ + ng = n; 

5) 4[g— 1, + + . . . , g'^'^+l] for all s ^ 1 which is even, if e = +, and 
odd, if e = —, and ni, n2, . . . , > such that 3 + ni + n2 + ■ ■ ■ + ns = n; 
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6) 4[g + 1, + 1, g"^ + . . . ^ g"; + qni+i _ qni+2 - 1, . . . , g'^^ _ l] for all 
s ^ 1, I is odd, if e = +, and even, if e = —, and ni, n2, . . . , > such 
that 3 + 111 + n2 + ■ ■ ■ + Us = n; 

7) 2^ ifn = 2'^-2 + 2 for some k>2. 

Let us proceed to a description of spectra of orthogonal groups over fields 
of odd characteristic. 

Theorem 5. Let G = S02n+i{(l), where n ^ 2 and q is a power of an odd 
prime p. Assume that for every k ^ 1 such that uq = {p^~^ + l)/2 < n and 
for every pair of partitions a = (ai, 02, ... , da) o^nd (3 = {f3i, (32, . . . , f3b) such 
that n — no = \a\ + the set ^{G) contains a number 

- 1, - 1, . . . , g"'" - 1, q^' + 1, + 1, . . . , q^' + 1], 

and does not contain any other number. Then ^m{G) C v{G) C uj{G). 

Proof. Let us prove the inclusion ^{G) C uj{G). Let if be a reductive sub- 
group of G isomorphic to 

S02n,+i{q) X (g"^ -1) X (g"^-l) x ■ ■ ■ x (g""-l) x (g'^Hl) x (g'^^+l) x ■ ■ -x (g^^+l). 

Then r]{H) = p^'^^ - 1, g"^ - 1, ... , g°« - 1, g/^i + 1, g/^2 + 1, . . . , qP^ + l]. 

Let us prove that fim{G) C ^{G). Let if be a reductive subgroup of 
maximal rank of G, which is not a maximal torus. Suppose that the structure 
of H is determined by partitions ^'■^^ and where 1 ^ i ^ a, 9^^^ and v^^\ 
where 2 ^ i ^ b. Since H is not a maximal torus, either a > 1, or 6 > 1, or 
p > 0, where p satisfies the equality ([3]). By formula @ the center of H is 
isomorphic to the direct product 

Hiq^f' - 1) X ii{q<^' + 1) X n^(^s) X n^(^^)- 

ij i,j i,j i,j 

Put e = exp(nj^. Z{Hfj) x Ylij Z{H^^)). Note that e can take only two values: 
1 or 2. We have 

rj{H) = p [lcm{g*j — l},lcm{g^j +l},e], 

where k is such that p'^ is the least power of p which is greater than max{a — 
1,26 — 3, 2p — 1}, i.e. the greatest power of p lying in uj{H). Put uq = 
(^pk-i ^ iy2. Then uq ^ max{a/2, 6 - 1, p}. 
We have 

|^(i)| + + 2(|e(')| + IC^'^I) + ■ ■ ■ + a(|e(")| + |C^'^)|) + 
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+2(|^(2)| ^ |^(2)|) ^ . . . ^ ^ + p = ^_ 

Put 

Let us show that x ^n. Assume that max{a/2,6 — l,p} = a/2. Then 

no + \&^\ + \&^\ < ^ + ie^'^^i + ic^"^i ^a-l + |e('^)| + |C('^)| ^a(|e(")| + |C(")|). 

Ifmax{a/2,6-l,p} = 6-1, then rio ^ b{\e^^^\ + \v^''^\). If max{a/2, 6-1, p} = p, 
then riQ ^ p. Thus, in all cases we obtain that x ^ n. Therefore, group G 
contains a reductive subgroup Hi isomorphic to 

S02no+i X llig^'' - 1) X + 1) X (g""- - 1). 

We have 

r]{Hi) = p''[\cm{q^^^^ - 1}, lcm{g^^*"' + 1}, g""^' - 1]. 

This number is divided by rj^H) if ay least one of the following conditions 
holds: either a > 0, or n > x, or e = 1. Assume that a = 0, n = x and e = 2. 
Then n = x = Uq and, therefore, H = G, but then e = 1; a contradiction. The 
theorem is proved. 

As a corollary of Lemma [L3l [21 Proposition 4.1] and Theorem [5] we obtain 
the following statement. 

Corollary 5. Let G = S02n+i{(l), where 2, q is a power of an odd prime 
p. Then uj{G) consists of all divisors of the following numbers: 

1) [g"i + eil, + esl, • • • , g"^ + Ssl] for all s ^ I, e, E {+, -},l^i^s, 
and ni,n2, ■ ■ ■ ,ns > such that ni + n2 + ■ ■ ■ + Us = n; 

2) /[g"i+eil,g"2 + e2l,...,g"^+£sl] for all s ^ 1, £i E {+,-}, l^i^s, 
and k, ni,n2, . . . , > such that p^~^ + 1 + 2ni + 2^2 + ■ ■ ■ + 2ns = 2n; 

3) p^, if p^^^ + 1 = 2n for some k > 0. 

We will need the following lemma to obtain a description of spectra of 

groups ^2n+l{q)- 

Lemma 4.1. Let H be a proper reductive subgroup of maximal rank of 
S02n+i{(l), where n > 2 and q is a power of an odd prime p, isomorphic 
to 

SO21+1 (g) X (g"i -1) X (g"^ -1) X ■ ■ ■ X (g"" -1) x (g^^ +1) x (g^^ +1) x ■ ■ ■ x (g^*+l). 
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l + ai + ■ ■ ■ + aa + f3i + ■ ■ ■ + Pb = "n. Let be the maximal power ofp contained 
in the spectrum of S02i+i{q) ■ Then rj^H fl ^2n+ii(l)) is equal to 

p'^lq'"' - 1, - 1, . . . , g"'' - 1, q"' + 1, g^^ + 1, . . . , q^"" + 1], 

ifa+b ^ 2, equal to p''{q°'^ — l)/2, if a = 1 andb = 0, and equal top'^(g^^ + l)/2, 
if a = and 6=1. 

Proof. Let Gi be the subgroup of S02n+i{q) consisting of all matrices of the 
form diag{A,E), where A G S02(n-i)+i{q)- The center of H is isomorphic to 
the direct product (g"^ — 1) x ■ ■ ■ x (g"" — 1) x (g^^ + 1) x ■ ■ ■ x (g^'' + 1) 
and conjugate in S02n+i{Fp) to some maximal torus S of Gi corresponding 
to the pair of partitions a = (ai, 0^2, . . . , cta) and (3 = (32, ■ ■ ■ , (3b), where 
parts of partition a give lengths of positive cycles and parts of partition (3 give 
lengths of negative cycles. By [21 Lemma 4.2] the center of if fl ^l2n+i{q) is 
isomorphic to the intersection of S and the commutator subgroup (Gi) of 
Gi. Finally, ^, Theorem 5] yeilds that expiSnQP' (Gi)) = exp(5), if a + 6 > 1, 
and exp(5' fl (Gi)) = exp(S')/2, if a + 6 = 1. The lemma is proved. 

Since fi5(g) — PSpi{q), the case n = 2 in the following theorem is not 
considered. 

Theorem 6. Let G = ^2n+i{q), where n ^ 3 and q is a power of an odd prime 
p. Assume that for every natural k such that 2nQ = p^~^ + 1 < 2n and for 
every pair of partitions a = (ai, 02, • • • , c^a) and (3 = {(3i, (32, ■ ■ ■ , (3b) such that 
n — no = \a\ + \(3\ the set I'iG) contains the number 

/[g^i - 1, g"^ - 1, ... , g"-^ - 1, q^^ + 1, g"^ + 1, . . . , q^" + 1], 

if a + b ^ 2, contains the number p^{q"^ — l)/2, if a = 1 and b = 0, contains 
the number p^{q^^ + l)/2, if a = and 6=1, and does not contain any other 
number. Then fim{G) C //(G) C uj{G). 

Proof. Lemma 14.11 implies the inclusion z^(G) C uj{G). Let us show that 
fJ'miG) C z/(G). Let if be a reductive subgroup of maximal rank of G, which is 
not a maximal torus. Consider the subgroup iii of S02n+i{q) such that H = 
Hi n Q2n+i{q)- Suppose that the structure of iii is determined by partitions 
C^'\ 1 ^ « ^ a, and 2 ^ ^ < 6. Then, as it was mentioned above, 

its center is isomorphic to the direct product 

n(g^^' - 1) X iiiq^^' + 1) X n^(4) X u^m)- 

ij i,j i,j i,j 

Put e = exp(n,, ZiH^^) x H,, ZiH^^)). We have 

r]{Hi) = p [Icmjg^j — l},lcm{g^j +l},e]. 
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where k is such that p'' is the least power of p which is greater than max{a — 
1, 2b — 3,2p — 1}, i. e. the greatest power of p lying in u{Hi). Then ri{H) = 
ri{Hi)/c, where c takes values 1 or 2 depending on structure of Hi. Put 
'^o = {p^~^ + l)/2 and 

X = + + 1^(2) I + |C(')| + ■ ■ ■ + \&^\ + + no. 

In the proof of Theorem[5]we showed that x ^ n. Therefore, S02n+i{(l) contains 
a subgroup K isomorphic to the direct product 

SO^no+iiq) X - 1) X + 1) x (g - 1) x (g - 1) X ■ • • X (g - 1)^ . 

We have 

r]{K) = p''[lcm{g^:'' - 1}, lcm{g''J + 1}, b], 

where 6 = g — 1, if n — a; > 0, and 6 = 1, if n — x = 0. If the center Z{K) 
is not cychc, then Lemma Wl] implies that ri{K) = rj{K fl ^2n+i{.<l))- Thus, in 
this case rj{K fl ^2n+i{.(l)) is divided by rj{Hi) and, therefore, divide by rj{H). 
The center of K is cyclic only if one of the following conditions holds: 

1) n — X = and the sum of lengths of partitions and C^*^ over all i is 
equal to 1; 

2) n — X = 1 and a = 0. 
Consider the first case. Recall that 

n = + |C^^)| + 2{\e^\ + |C(^)|) + ■ ■ ■ + ail^'^^l + |C(")|) + 

+2(|0(2)| ^ |^(2)|) ^ . . . ^ ^ ^ p_ 

By substituting in equality n = x the expressions for n and x, we obtain 
the following equality 

no = |e(')| + |C(')| + --- + (a-l)(|e(")| + |C(")|) + 

+2(|^(2)| + + ■ ■ ■ + + |t;('')|) + p. 

Therefore, uq ^ max{a — 1,6, p}. We have hq ^ max{a/2,6 — l,p}. Assume 
that max{a/2, 6 — 1, p} = a/2. Then a = 2, rio = 1 and b = p = 0, i.e. n = 2 
contrary to the hypothesis. The equality max{a/2, 6— l,p} = 6 — 1 obviously 
leads to a contradiction. Assume that max{a/2,6 — l,p} = p. Then no = p, 
6 = and a = 1. Hence Hi is isomorphic to 

so2n,+M X n(9^^'" - 1) X n(^^^" + 
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Lemma [4.11 implies that ri{H) G i^{G). 
Consider the second case. We have 

no = 2(|^(2)| ^ |^(2)|) ^ . . . ^ ^ + p - 1. 

Therefore, uq ^ max{6 — 1, p — 1}. Thus, uq is equal to either 6 — 1, or p — 1, 
or p. If uq equals p — 1 or p, then 6 = and H = G. Suppose that uq = b — 1. 
Then p = 0, n = b and |6'('')| + = 1. This equalities imply that either 
Hi ~ S'O^(g), or Hi ^(^^^(g). Therefore, r]{H) = p^d, where d equals 1 or 
2. Consider reductive subgroups of maximal rank of S'02„+i(g) isomorphic to 
S02no+i{(l) X ~ 1) and S'02„o+i(g) x (g + 1). By Lemma W7[\ the values of 
7] on intersection of these subgroups with Q2n+i{<l) equal to p^{q — l)/2 and 
p'^lq + l)/2 respectively and lie in One of the numbers (g — l)/2 and 

(g + l)/2 is even, therefore, ri{H) divides either p^{q — l)/2, or p^(g + l)/2. 
The theorem is proved. 

As a corollary of Lemma 11.31 [21 Theorem 4] and Theorem [6] we obtain a 
description of spectra of simple orthogonal groups of odd dimension over fields 
of odd characteristic. 

Corollary 6. Let G = i^2n+i(g); where n ^ 3, q is a power of an odd prime 
p. Then uj{G) consists of all divisors of the following numbers: 



2) [g"i + Ell, g"2 + £21, . . . , g'^^ + e,l] for all s^2,e,e {+, -},l^i^s, 
and ni,n2, ■ ■ ■ ,ns > such that ni + n2 + ■ ■ ■ + Ug = n; 

3) p^^-A^ for all k and ni such that p^~^ + 1 + 2ni = 2n; 

4) /[g"i +eil, g"2 +£21, . . . , g"» for all s ^ 2, E {+, -},l^i^s, 
and k, ni,n2, . . . , > such that p^~^ + 1 + 2ni + 2n2 + ■ ■ • + 2ns = 2n; 

5) p'', if p^^^ + 1 = 2n for some k > 0. 

Theorem 7. Let G = SOlj^{q), where n ^ 4, e E {+, — } and q is a power 
of an odd prime p. Assume that for every natural k ^ 1 such that riQ = 
(j)k-i _|_ 3^y'2 < ^ Q^fid Jqj- every pair of partitions a = (ai, 0:2, . . . , aa) and 
(3 = {f3i, /32, ■ ■ . , Pb) such that n — no = |a| + the set ^{G) contains the 
number 

/[g"i - 1, g°2 - 1, . . . , g"" - 1, q^^ + 1, g^^ + 1, . . . , g^" + 1], 
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for every pair of partitions 7 = (71, 72, ... , 7c) and S = {Si, S2, ■ ■ ■ , Sd), where 
d is even, if e — +, and odd, if e — —, such that n — 2 — \ j\ + \S\, contains the 
number 

contains the number 2p^, if2n = p'^~^ + 3 for some k > 0, and does not contain 
any other number. Then tim{G) ^ ^{G) C uiG). 

Proof. We shall prove the inclusion v{G) C oj{G) first. For every element m 
of i^{G) we will find a reductive subgroup H such that m = r]{H). 

Let m = p''[q"^ - 1, g"^ _ 1^ . . . ^ q»a _ + 1, gfc + 1^ . . . ^ qPb + 1]^ ^here b 

is even and |q;| + |^| — n — riQ. Then subgroup H can be chosen as a subgroup 
isomorphic to the direct product 

X -1) X X •■■ X X (/i + l) X + X ■■■ X (/" + !). 

Let m = -l,q°'^ -1, . . . , q""- - 1, + 1, g'^^ _^ 1, . . . , g^^" + 1], where h 

is odd and \a\ + = n — Uq. Then subgroup H can be chosen as a subgroup 
isomorphic to the direct product 

^2no (?) X - 1) X - 1) X • • • X (g"" - 1) X (g'^i + 1) x (g'^^ + 1) x • • • x (g'^'' + 1) . 

Let m = p[g- 1, g^i - 1, g^2 _ . . . ^ qic _ qSi + 1^ ^ . . . , g''-* + 1] , where 
|7| + |5|=n — 2. Then subgroup H can be chosen as a subgroup isomorphic 
to the direct product 

GL2{q) X (gTi - 1) X (g^^ - 1) x • • • x (g^^ - 1) x (g^^ + 1) x (g^^ + 1) x • • • x (g^'* + 1). 

Let m = p[q + 1, g^^ - 1, g^^ - 1, ... , q^- - 1, g'^i + 1, g''^ ^ 1, . . . , g-^^ + 1], 
|7| + |5|=n — 2. Then subgroup H can be chosen as a subgroup isomorphic 
to the direct product 

GU2{q) X (g^i - 1) X (g^2 _ 1) X • • • X (g^= - 1) X {q^' + 1) x (g'^^ + 1) x • • • x (g'^'' + 1) . 

In addition, if 2n = p'^^^ + 3, then p^ is the maximal power of p contained in 
uj{G). The power p*^ in not contained in the spectrum of any proper reductive 
subgroup. Thus, the number rj{G), equal to 2p'', lies in jimiG) and, therefore, 
must lie in /^(G). If 2n 7^ p^^^ + 3 for every k ^ 1, then ri{G) does not lie in 
IJ.{G) and is a divisor of f]{H) for some proper reductive subgroup H of G. 

Now we shall prove the inclusion Hm{G) C u^G). Let if ba a proper 
reductive subgroup of maximal rank, which is not a maximal torus, whose 
structure is determined by partitions ^^'^ and where 1 ^ i ^ a, ^^'^ and 
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v^^\ where 2 ^ i ^ b. Since H is not a maximal torus, either a > 1 or 6 > 1. 
By formula (jl]) the center of H is isomorphic to the direct product 

iiiq^f' - 1) X iiig^^' + 1) X n^(^s) X n^(^^)- 

i,j i,j i,j i,j 

Put e = exp(n,, ZiHf^) x H,, ^(^^)). We have 

r7(/7) = p''[lcm{g^j ' - 1}, lcm{g^j ' + 1}, e], 

where k is such that p'' is the least power of p which is greater than max{a — 
1, 2b — 3}, i. e. the greatest power of p lying in u{H). Put uq = {p^~^ + 3)/2. 
Then no ^ max{a/2 + 1,6}. 
We have 

+ + 2(|e(^)| + |C(2)|) + . . . + a(|e(")| + |C^'^)|) + 

+2(|0(2)| ^ |^(2)|) ^ . . . ^ ^ ^ ^_ 

Put 

x = 1^(1)1 + |c«| + + ic^'^i + ■ ■ ■ + le^^^i + IC^"^I + 

Let us find the conditions under which the inequality x holds. 

Assume that max{a/2 + l,6} = b. Then no ^ + and, therefore, 

X ^ n. Assume that max{a/2 + 1, 6} = a/2 + 1. If a ^ 4, then 

If a = 3, then no = 2. In this case we have 

^0 + le^^^l + |C^"^I = a - 1 + le^^^l + |C^"^| ^ + \&^\)- 

If a = 2, then x can be greater then n. 

Let a = 2. Then uq = 2 and 6^2. Assume that x > n. We have 

|^(i)| + |^(i)| + |^(2)| + |^(2)|+2>|e«| + |C«|+2(|e(^)| + |C(^)|) + 2(|^^^^ 

Therefore 

2>ie(')| + ic(')| + i^(2)|^i^(2)|_ 

This implies that + |^(2)| = i and 6 = 0. The group H corresponding to 
such collection of partitions is isomorphic to 

GL,{q) xYliq^"^'' -1) xlliq^^'' + 1), 

j 3 
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if 1^(2) I = and isomorphic to 

GU2{q)xl[{q^^'' -l)xl[iq^'.'' + 1), 
j j 

if IC*"^"*! = 1- In both cases ri{H) hes in z/(G). 

Thus, it remains to consider the cases when x ^ n. If the sum of lengths 
of partitions C*^*^ over all i is even, then G contains a subgroup Hi isomorphic 
to the direct product 

if the sum is odd, then G contains a subgroup Hi isomorphic to 

In both cases we have 

r]{Hi) = p'=[lcm{g«^*" - 1}, Icmjg'^)'' + 1}, g""^' - 1]. 

This number is divided by rj{H) and lies in iy{G). The theorem is proved. 

As a corollary of Lemma [L3l [21 Proposition 4.1] and Theorem [7] we obtain 
the following statement. 

Corollary 7. Let G = S'0|„(g), where n ^ A, e E {+, —} and q is a power of 
an odd prime p. Then U){G) consists of all divisors of the following numbers: 

1) [g"i + 1, + 1^ . . . ^ qn, + qn,+, _ ^n,+2 _ _ _ _ ^ ^n. _ ^ ^ 

/ is even, if e = +, and odd, if e = —, and ni,n2, . . . ,ns > such that 
ni + n2-\ l-Us = n; 

2) /[g"i + 1, g"2 + 1^ . . . ^ qni + qn,+i _ ^n,+2 _ _ _ _ ^ ^n, _ an s ^ 1 
and ni,n2, ■ ■ ■ ,ns > S'uc/i t/ia^ p'^"^ + 3 + 2ni + 2n2 + ■ ■ ■ + 2n<j = 2n; 

3) J9[g ± 1, + 1, g"2 + 1^ . . . ^ g"; + 1^ ^",+1 _ _ _ _ _ ^ ^n. _ y^r all 
s 1, I is even, if e = +, and odd, if e = ~, and ni, n2, . . . , > such 
that 2 + ni + n2 + ■ ■ ■ + Us = n; 

4) 2p^ , if 2n = p^~^ + 3 for some k ^ 1. 

In the following lemma GL^(g) denotes the group GL2{q), and 6*^2" (g) 
denotes the group GU2{q). 
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Lemma 4.2. 1) Let H be a proper reductive subgroup of maximal rank of 
S02n{<l), £ £ {+7 ~}; equal to Hi x H2, where Hi is isomorphic to SO^Kq), 
El G {+,—}, k > 1, and subgroup H2 is isomorphic to the direct product 

- 1) X _ 1) X ... X (g"" - 1) x {q^' + 1) x (g^^ + 1) x ■ . . x (g^" + 1), 

andk + ai + --- + aa + P2 + --- + Pb = n. Then ri{H n = [2, ri{H)/2\, 

if a + b = 1 and Z{Qll.{q)) 7^ 1, and rj{H fl ^^nil)) = V^H) otherwise. 

Let Z(f2|„(g)) 7^ 1 and H be the image of H (1 ^^|„(g) in Pfi|„(g). T/ien 
T]{H) =viH), ifa + b>l, andr]{H) = r]{H)/2, zfa + b=l. 

2) Let H be a proper reductive subgroup of maximal rank of SO\^{q), e G 
{+, — }, equal to Hi x H2, where subgroup Hi is isomorphic to GL2^{q), Ei G 
{+,—}, and subgroup if 2 is isomorphic to the direct product 

(g°i - 1) X (g°2 _ 1) X ... X (g"" - 1) x (g^^ + 1) x (g^^ + 1) x . . . x (g^" + 1), 

and 2 + ai + ■ ■ ■ + aa + (32 + ■ ■ ■ + (3b = n. Then ri{H n ni„iQ)) = v{H), if 
a + b>l, andrj{H) = p[q -eil,{q''-'^ - el)/2], ifa + b= 1. 

Let Z{Ql^{q)) 7^ 1 and H be the image of H (1 ^^|„(g) in Pfi|„(g). Then 

v{H)=viHnnUq))- 

Proof. Denote Z(fi|„(g)) by Z. 

1) Let Ti be a maximal torus of Hi isomorphic to the cychc group of order 
(g^ — Ell). The subgroup T of H, equal to Ti x if2, is a maximal torus of 
SOI^iq). 

Define a pair of partitions a and /3 as follows: if e = +, then a = 
{k,ai, . . . ,aa) and (3 = {(3i, . . . , (3b), if £ = — , then a = {ai, . . . ,aa) and 
(3 = {k, (3i, . . . , (3b)- Then structure of T is determined by the pair of partitions 
a and (3, and by Lemma the torus Tr\fll^{q) is conjugate in H to the group 

a+b+i 1^1 + ^2 + ■ ■ ■ + ka+b+1 is even}, where elements ti, . . . , ta+b+i 
are defined before the statement of Lemma [3.41 Denote by to the element ti, 
if £ = +, and the element ta+i, if e = — . Then Ti is conjugate to the group 
(to). We have 

Z{H) = (t^'l/') X H2. 

Note that the number | to 1/2 is even if and only if Z{Q2kiq)) 7^ 1- 

Let |to|/2 be even. Then Z(if n(]|„(g)) = (tj^"'/^) x (if2nfi|„(g)). Now, [21 
Theorems 5 and 6] implies that exp(if2 H ^2nil)) = 6xp(if2), if a + 6 > 1, and 
exp(if2 n f2|„(g)) = exp(if2)/2, if a + 6 = L Assume that Z 1. Since group 
H2 n ^^|„(g) intersects with Z trivially, we have r]{H) = ri{H) for a + 6 > 1. 
Let a + b = 1. Then H2 is cyclic. Denote by t a generator of H2. We have 
Z{H n fiL(g)) = (tl)*"'^') X (t^), and Z = (tl*»l/'tl*l/2). Since Z C if n (^^(g), 
the number |t|/2 is even. Therefore, the center of iinn|„(g)) can be presented 
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as the direct product x (t^). This imphes that Z{H) ~ (t^) and, 

therefore, ri{H) = ri{H)/2. 

Let \to\/2 be odd. Then Z{H fl ^2nil)) is conjugate in H to 

n (t^'/'t.) =^ i^2. 

Therefore, rjlH (1 Q2ni^)) = 1]{H). Assume that Z ^ 1. Lemma [1.41 imphes 
that if a + 6 > 1, then r]{H) = r]{H). If a + 6 = 1, then r]{H) = r]{H)/2. The 
first statement is proved. 

2) Let Ti be a maximal torus of Hi isomorphic to a cychc group of order 
(g^ — 1). Then the subgroup T of H, equal to Ti x H2, is a maximal torus of 
S02n{q)- Define a pair of partitions a = (2, ai . . . , 0^2) and (3 = {(3i, . . . , 
Then structure of T is determined by the pair of partitions a and /3, and by 
Lemma |M] the torus T n fiL(g) is conjugate in H to {t^H^^ . . . l^i + 

^2 + ■ — I- ka+b+1 is even}, where elements ti, . . . , ta+6+1 are defined before the 
statement of Lemma [3.41 We have Z{H) = (t^"*''^^^) x H2. Since the number 
q + Eil is even, we obtain that nf]|„(g)) = (tl^^^^) x (if2 n il|„(g)). Now, 
[21 Theorems 5 and 6] implies that exp(if2 H fl2nil)) — exp(-ff2), if a + 6 > 1, 
and exp(if2 n = exp(if2)/2, if a + 6 = 1. 

Assume that Z 7^ 1. By [21 Theorems 5 and 6] there exist elements hi, 
h2,...,ha+b in H2 such that hi ^ fi|„(g), \hi\{2} < |^2|{2} ^ ■■■ < l^a+6|{2} 
and H2 = {hi) x {h2) x ■ ■ - x {ha+b)- Moreover, if the number (|/ii|{2} + |^2|{2} + 
■ ■ ■ + |^a+6|{2})/|^i|{2} is even, then the projection Z on H2 is contained in the 
subgroup (/i2), and if it is odd, then the projection is contained in (hf). We 
have Z ^ (C^'^) x (hj) or Z ^ (C^) x (^2). In both cases by applying 
Lemma [L 41 we obtain that 1]{H) = ri{H fl fi|„(g)). Lemma [4.21 is proved. 

Theorem 8. Let G = i7|„(g), where n ^ 4, e G {+, — } and q is a power of 
an odd prime p . Fork ^ 1 putn{k) = {p'^"^ + 3)/2. Letv{G) to consist of the 
following numbers: 

1) P^[dk, - — d^^^ ]' = ''"^''^ f(^f every k such that n{k) < n; 

2) + 1, + 1^ . . . ^ qni + 1^ ^^,+1 _ ^n,+2 _ _ _ _ ^ _ alls>l 
and ni,n2, . . . ,ns > such that n{k) + ni + n2 + ■ ■ ■ + Us = n; 

3) p[q ± 1, + 1, g"2 + 1^ . . . ^ g"; + 1^ _ 1^ qni+2 _ 1^ . . . ^ g". _ 

s > 1, I is even, if e = +, and odd, if e = ~, and rii, ^2, . . . , > such 
that 2 + rii + n2 + ■ ■ ■ + Us = n ; 

4) p[g±i,2r;^]; 

5) 2p^, if n = n{k) and (4, — el) = 4; 
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6) =t 1); if n = 4 and e = +. 

7) 9(g ±1), if n = A, p = 3 and e = +. 
Then i^m{G) C u{G) C lo{G). 

Theorem 9. Let G = PQ^ni^)' where n ^ A, e E {+, — } and q is a power of 
an odd prime p, and (4, — el) = 4. For k ^ 1 put n{k) = {p'^^^ + 3)/2. Let 
//(G) to consist of the following numbers: 

1) p^- — ^ for every k such that n{k) < n; 

2) + 1, + 1^ . . . ^ qni ^ qn,+, _ ^n,+2 _ . , _ ^ _ i] a// s > 1 
anc? ni,n2, . . . ,ns > such that n{k) + rii + n2 + ■ ■ ■ + ris = n; 

3) p[q±l, + 1, + 1^ . . . ^ g"; + 1^ qni+i _ ^"^+2 _ . . . ^ ^n, _ 

s > 1, / even, if e = +, and odd, if e = —, and ni, n2, ■ ■ ■ ,ns > such 
that 2 + rii + n2 + ■ ■ ■ + Us = n; 

4) p[q±l,sr^]. 

Then fim{G) C u{G) C lo{G). 

We will prove Theorems M and [9] simultaneously. 
Proof. Let e = +. 

Let us prove that //(G) C a;(G). Notice that the number 2p'' in item 
5) of Theorem [H] arises as r7(f2|^(g)), since the condition (4, — el) = 4 
is equivalent to the condition Z(n|„(g)) 7^ 1. If n 7^ r?,(A;) for every k, then 
Lemma S]2] implies that ri{G) divides r]{H) for some proper reductive subgroup 
H. Further all considered reductive subgroup are proper. Let n = 4. Then 
SOg{q) contains subgroups Hi and H2 isomorphic to GL2{q^) and GU2{q^) 
respectively. The centers of Hi and H2 are contained in maximal tori of these 
groups isomorphic to a cyclic group of order (g^ — 1). Since numbers (g"^ — 
1) / (g^ — 1) and (g^ — 1)/ {<f + 1) are even, in the same way as in the proof of 
Lemma [4.21 we obtain that Z{Hi) and Z{H2) are contained in fi^(g). Thus, 
we deduce that rj{Hi) and rj{H2) lie in ci;(fig (g)). Let n = 4 and p = 3. 
Then SOg{q) contains subgroups Hi and H2 isomorphic to GL/i[q) and GU^^q) 
respectively. In this case generators of the centers of these subgroups are again 
even powers of generators of cyclic tori of orders g^ — 1. Thus, we deduce that 
ri{Hi) and f]{H2) lie in u}{Qg{q)). The remaining inclusions follow from Lemma 
SSI 

Let us prove the inclusion UmiG) C u{G). Let be a proper reductive 
subgroup of maximal rank of 5*0^ (g), which is not a maximal torus. Denote 
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by Hi the group H fl and by H2 the image of Hi in Pf2^„(g). Let 

structure of H be determined by partitions and where 1 ^ i ^ a, 
and v'^'^\ where 2 ^ i ^ b. Since H is not a maximal torus, either a > 1 or 
6 > 1. By formula (|4]) the center of H is isomorphic to the direct product 

n(g^^' - 1) X Hiq^^' + 1) X n^(^s) X n^(^^)- 

i,j 

Put e = exp(n,, ZiHf^) x n,, ^(i^^))- We have 

//(if) = p'^[lcm{g^j — 1}, lcm{g''j + 1}, e], 

where k is such that p*^ is the least power of p which is greater than max{a — 
1,26 — 3}, i.e. the greatest power of p lying in uj{H). We have f]{Hi) = 
rj{Hi)/ci and rj{H2) = rj{H)/c2, where Ci G {1,2} and C2 G {1,2,4} and 
specific values of ci and C2 depend on structure of H . Put riQ = {p'^'^ + 3)/2. 
Put 

X = + \CW\ + 1^(2) I + |C(')| + ■ ■ ■ + \&^\ + \&^\ + no. 

By word for word repetition of arguments from the proof of Theorem [7] we 
obtain that x > n implies that group H is isomorphic to 

GUq) xlliq^^'' -1) xHiq^^'' + 1), 
j 3 

or 

GU2{q)x\[{q^' -l)x\[{q^^' + 1). 

j j 

In both cases numbers i]{Hi) and ri{H2) lie in corresponding sets i^iG). 

Let X ^ n. If the sum of lengths of partitions C-*-* over all i is even, then 
S02n{q) contains a subgroup K isomorphic to the direct product 

SOtnM X n(^^^'' - 1) X n(^^^'' + 1) ^ (g-l)x(g-l ) x---x(g-l) , 

u u n— z 

if the sum is odd, then S'O^(g) contains a subgroup isomorphic to the direct 
product 

S02nM X n(^^^' - 1) X n(^^^" + 1) X ^(g-l)x(g-l)x---x(g-l) . 
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We have 

T]{K) = p'^[\cm{q^i - 1}, lcm{g^j + 1}, b], 

where 6 = g — 1, if n — x > 0, and 6 = 1, if n — x = 0. Denote by Ki the 
intersection K fl fl2nil) by K2 the image of Ki in Pfi^„(g). If the sum of 
lengths of partitions C''*'' over all i and of number (n — x) is greater than 1, 
then Lemma W72\ implies that rj{Ki) = r]{K2) = r]{K). Thus, ri{K) is divided 
by ri{H) and, therefore, by r][Hi) and r]{H2), and lies in Assume that 

the sum of lengths of partitions (^^^ over all i and of number (n — x) equals 
1. Then one of the following conditions holds: 

1) n — X = and the sum of lengths of partitions and C'-*'' over all i is 
equal to 1; 

2) n — X = 1 and a = 0. 
Consider the first case. Recall that 

n = + K^'^l + 2(|e(^)| + IC^^^I) + ■ ■ ■ + a{\e^^\ + |C(")|) + 

+2i\e^^^\ + \v^^^\) + --- + bi\9^'^\ + \v^'^\). 

By substituting in equahty n = x the expressions for n and x, we obtain 
the following equality 

|e(2)| + |((2)| + ... + (a-l)(|^W| + |C(»)|)+2(|^^(2)|^|^(2)|)^...^^(|^(b)|^|^(6)|^^ 

Therefore, uq ^ max{a — 1,6}. We have hq ^ max{a/2 + 1,6}. 

Assume that max{(a + 3)/2,6} = b. Then uq = b, \e^^^\ + \v^^^\ = 1, 
1^(0 1 _|_ 1^(0 1 = g for i <c b and a = 1. This implies that H is isomorphic to 

SOll,,{q)xll{q^f' -l)xll{q^f + 1), 

where ei = +, if |6'^^^| = 1, and ei = — , if \v^^^\ = 1. Lemma [4.21 implies that 
in this case numbers ri{Hi) and rj{H2) lie in corresponding sets ^{0). 

Assume that max{a/2 + 1,6} = a/2 + 1. Then 2 ^ a ^ 4. Let a = 4. 
Then no = 3, 6 = 0, n = 4 p = 3. Thus, either H ~ GL^^q) or ~ 
GUi{q). As it was shown above, in this case 'i]{Hi) equals either 9(g — 1) 
or 9(g + 1) and, therefore, lies in z/(f2^(g)). The center of H2 in this case is 
isomorphic to a cyclic group of order (g ± l)/2. Thus, rj{H2) = 3^(g ± l)/2. 
We obtain that rj{H2) lies in i>{Pfl'^{q)). Notice that this case is impossible 
for £ = — , since ^s{q) does not contain subgroups isomorphic to GL/^{q) or 
GUi{q). Let a = 3. Then no = 2, 6 = n = 3. The last contradicts 
with the hypothesis of the theorem. Let a = 2. Then no = 2. We have 
no = 2 = (2 - l)(|e(')| + IC^'^I) + 2(|e(2)| ^ |^(2)|) ^ . . . ^ ^ This 
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implies that 6 = and l^'-^^l + |C''^^| = 2. Since the sum of lengths of partitions 
and C^*^ over all i equals 1, Proposition 13.31 implies that H is isomorphic to 
GL2(g2), if 1^(2) I = 2, and isomorphic to GU2{q^), if K^^^l = 2. We have n = A. 
Then, as it was shown above, rj{Hi) is equal to — 1), if if ~ GL2{q^), equal 
top(g^ + l), if ii ~ G2{q^), and lies in //(fig (g)). The center of H2 in this case is 
isomorphic to a cyclic group of order (g2±i)/2. Thus, 1]{H2) = p(g^±l)/2. We 
deduce that r]{H2) hes in i^(Pfig (g)). Notice that this case is also impossible 
for e = —, since fig (<?) does not contain subgroups isomorphic to GL2{q^) or 
GU2{q^). 

Assume that n — x = 1 and a = 0. We have 

no = 2(|^^(2)| ^ |^(2)|) ^ . . . ^ ^ _ ^_ 

Since no ^ b, we deduce that uq = b and if = 

The proof for the case e = — can be done in the same way. 
The theorems are proved. 

As a corollary of Lemma II. 3[ [21 Theorems 5 and 6] and Theorems |8] and [9] 
we obtain the following statements. 

Corollary 8. Let G = where n ^ 4, e G {+, — } and q is a power of 

an odd prime p. For k ^ 1 put n{k) = (p^^^ + 3)/2. Then uj{G) consists of all 
divisors of the following numbers: 



2) [g"i + l,q'^^ + l,..., g"' + 1, g"'+i - 1, g"'+2 - 1, . . . , g"- - 1] for all s > 1, 
I is even, if e = +, and odd, if e = —, and ni,n2, ■ ■ ■ ,ns > such that 
ni + n2-\ \-ns = n; 

3) p^[dk, - — dj^^ ]> where dk = lli^-^ii^ll^ for every k such that n{k) < n; 

4) /[g"i + 1, g"2 + 1, . . . , g"i + 1, g"i+i - 1, g"i+2 _ 1^ . . . ^ g«= _ 1] for alls>l 
and ni,n2, ■ ■ ■ ,ns > such that n{k) + rii + n2 + ■ ■ ■ + rig = n; 

5) p[g ± 1, g"^ + 1, g"2 + 1, . . . , g"; + l, g"i+i _ g«i+2 _ . . . ^ _ i] y^r a// 
s > 1, I is even, if e = +, and odd, if e = and ni, n2, ■ ■ ■ ,ns > such 
that 2 + rii + n2 + ■ ■ ■ + Ug = n; 

6) p[q±l,3r^]; 

7) dp^, where d = (4, g" — el)/2, if n = n{k) for some k; 

8) p(g^ ±1); if n = A and e = +. 
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9) 9(g±l), i/n = 4, p = 3 ande^+. 

Corollary 9. Let G — PJl|^(g), where n ^ 4, £ e {+, — }, q is a power of an 
odd prime p, and (4, — el) — 4. For k ^ 1 put n{k) — {p^~^ + 3)/2. Then 
uj{G) consists of all divisor of the following numbers: 



2) wheren^+n2 = n, e {+,-},d^2, if{q^^-e^l){2} = 
(^"■2 — ££il){2}; dnd d = 1 otherwise; 

3) + l,q''^ + l,...,q''' + l, - 1, - 1, . . . , g"^ - 1] for all s > 2, 
I is even, if e = +, and odd, if e = —, and Ui, n2, ■ ■ ■ ,ns > such that 
^1 + «2 H \-ns = n; 

4) p''- — for every k such that n{k) < n; 

5) p'^fg"! + l,q''^ + l,..., g"' + 1, g"'+i - 1, g"'+2 - 1, . . . , g"" - 1] /or a/Z s > 1 
ano? ni, 712, . . . , ris > such that n{k) + ni + ^2 + • • • + = n; 

6) p[q ± 1, + 1, + 1^ . . . ^ qni + _ g«;+2 - 1, ... , - 1] for all 
s > 1, I is even, if e — +, and odd, if e — —, and ni, n2, . . . , > such 
that 2 + ni + n2 + ■ ■ ■ + rig — n; 

7) p[q±l,3r^]; 

8) p'', if n = n{k) for some k. 
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